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Let A be a A;-algebra where k is an algebraically closed field and G be a finite abelian 
gronp whose order is not divisible by the characteristic of k. If G acts on A by A;-algebra 
antomorphisms then the action indnces a G-grading on A which, in conjnnction with 
a normalised 2-cocycle of the gronp, can be used to twist the multiplication of the 
algebra. Such twists can be formulated as Zhang twists [76] as well as in the language 
of Hopf algebras, as done in [42, §7.5]. 

We investigate such cocycle twists with an emphasis on the situation where A also 
possesses a connected graded structure and the action of G respects this grading. The 
twisting operation uses the induced G-grading of A rather than its N-grading, as is 
often the case with Zhang twists. As a result, geometric data encoded by special 
modules in the category of graded right modules, grmod(A), may not be preserved. 
Nevertheless, we show using an alternative construction of the twist and faithful fiat- 
ness arguments that many properties are preserved; the strongly noetherian property, 
finite global dimension and Artin-Shelter regularity for example. 

The above concepts are then illustrated by applying cocycle twists to the 4-dimen- 
sional Sklyanin algebras, A := A{a,/3,'j), first studied ring-theoretically in [60]. Such 
algebras are examples of noncommutative projective surfaces and display many in¬ 
teresting geometric properties. Much of this geometry is controlled by a factor ring 
B := B{E, C,a), which is a twisted homogeneous coordinate ring. 

We define an action of the Klein four-group G = (G 2 )^ on A such that the action 
restricts to the factor ring B. The cocycle twists under the induced G-grading, namely 
A^’^ and B^’'^ respectively, have very different geometric properties to their untwisted 
counterparts. While A has point modules parameterised by an elliptic curve E and 
four extra points, A^'^ has only 20 point modules when the automorphism a has 
infinite order. The point modules over A can be used to construct fat point modules of 
multiplicity 2 over and there are isomorphisms among such objects corresponding 
to orbits of a natural action of G on E. This is just one example of the interplay 
between the 1-critical modules over A and A^’^. 

The ring B^'^^ falls under the purview of Artin and Stafford’s classification of 
noncommutative curves [6], and we describe it in geometric terms. It can be expressed 
as a more general twisted homogeneous coordinate ring, where the key object is a 
sheaf of orders over Oeg. In fact, the fat point modules over A^'^ — which are also 
5'^’^-modules — can be explained by an equivalence of categories consequent to this 
work. 

Other examples of twists are also studied, one of which relates to Rogalski and 
Zhang’s classification of AS-regular algebras of dimension 4 with three degree 1 gen¬ 
erators and an additional Z^-grading [51]. Their work classified such algebras into 8 
families up to isomorphism; we demonstrate that several of these families are related 
by cocycle twists. 
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Chapter 1 


Introduction 

1.1 Overview 

In this thesis we study a twisting operation on algebras. This operation is closely 
related to the classical notion of using a 2-cocycle to deform the multiplication in a 
group-graded algebra. Our primary concern is to establish whether certain properties 
are preserved under the twisting operation, the first results in this direction being 
proved in [76] and [43]. In the former the twists we study are phrased as Zhang twists, 
while Montgomery’s results in the latter hold for generalised twists in the setting of 
Hopf algebras. 

We use another construction of these cocycle twists that was independently de¬ 
scribed in [12]. This construction gives one much greater traction when trying to 
prove that properties are preserved under twisting, since it enables the use of faithful 
flatness arguments. Our main results are stated later in this introduction, namely in 
Proposition 1.1.11 and Theorems 1.1.14, 1.1.18 and 1.1.19. 

The motivation for our work was an example of Odesskii, appearing in the survey 
paper [47] on elliptic algebras. Although the example as we state it does not use a 
specific type of algebra, the original example in [47] used a 4-dimensional Sklyanin 
algebra. In Chapter 4 we will study cocycle twists of such Sklyanin algebras, although 
they will also be discussed briefly in §1.1.2 (see Definition 1.1.15 for a presentation by 
generators and relations). 

In order to state Odesskii’s example, we need to make the following assumptions. 
Let k = C and consider an associative /c-algebra A that is generated as a /c-algebra by 
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xo,xi,X 2 and X 3 . We will assume that the Klein four-group G = ( 02 )^ = { 91 , 92 ) acts 
on A by algebra automorphisms, i.e. G —)■ Autaig(A). Denoting the action of 9 E G 
by the superscript —the action is dehned on generators by 

xf = Xi+2, xf = {-lyxi, (1.1.1) 


where i G {0,1, 2, 3} and indices are taken modulo 4. 

There is an action of G by /c-algebra automorphisms on M 2 {k), the ring of 2 x 2 
matrices over k. This action is dehned by 



for a matrix M G M 2 {k) and the group generators 91 and 92 - A 2-cocycle arises here 
via an action of G on k^ - such objects are important for the constructions we will 
soon describe. 

Now consider the tensor product of /c-algebras A<^k M 2 {k). Given the action of G 
in (1.1.2) and the embedding G —)■ Autaig(A), there is a natural diagonal action of G 
on the tensor product, where 


{a®k MY = a3 MY 


(1.1.3) 


for all a G A and M G M 2 (A;). 

Odesskii’s construction concludes by taking the invariant ring of AC)k M 2 {k) under 
this diagonal action. We highlight this algebra for future reference. 

Example 1.1.4 ([47, Introduction]). Odesskii’s example is given by the invariant ring 
(A ®kM 2 {k)f. 

It is natural to ask if the properties of A are shared by (A C)k M 2 {k))^. Moreover, 
can the construction can be generalised to any algebra or group? Our attempts to 
answer these questions form the basis of the work in this thesis. 

1.1.1 Twisting theory 

Before stating some of our main results we must dehne the constructions involved in 
our work. Let us make the following assumptions that will remain in place until the 
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end of §1.1.1. Our base field k will be assumed to be algebraically closed and A will 
denote an associative /c-algebra with identity. The hnite abelian group G will satisfy 
char(A;) f |G| and will act on A by /c-algebra automorphisms. We will also £x a duality 
isomorphism between G and its group of characters where the character to which 
an element g G G is mapped is denoted by Xg- 

Construction 1 

Let us define the first of two twisting constructions that we will use. There are two key 
components of Construction 1; first, the inducement of a G-grading on A via the action 
of G, and second, the notion of using a normalised 2-cocycle to twist the G-graded 
multiplication in A. 

The definition of a G-graded algebra is given in Definition 1.2.1. For now it suffices 
to state that for all 5 ^ G G the corresponding component of the induced G-grading on 
A is defined by 

Ag := {a G A : = Xg-i(h)a, \/ h E G}. (1.1.5) 

Given such a grading, one can use a normalised 2-cocycle to deform the multiplica¬ 
tive structure of A. 

Definition 1.1.6. Consider a function fi : G x G ^ satisfying the following 
relations for all g,h,l E G and the group identity element e: 

U{ 9 ,h)n{gh,l) = fi{g,hl)fi{h,l), g) = fi{g,e) = 1. (1-1.7) 

We say that /i is a normalised 2-cocycle of G with values in k^. 

Although normalised 2-cocycles can be interpreted in terms of cohomology — as 
we do in §2.2.1 — for now we will use them solely to define a new multiplication on A. 
We will write (A, •) to denote the G-graded algebra A and the standard multiplication 
• : A X A —)■ A, usually written as juxtaposition of elements. 

One can define a new multiplication on the underlying G-graded vector space 
structure of A as follows: for homogeneous elements a E Ag and b E A^ define 0*^6 := 
fi{g, h)ab. This gives rise to the algebra (A, =t:^). By virtue of /i satisfying (1.1.7) this 
new algebra is associative and has the same algebra identity element as (A, •) (proved 
in Proposition 2.2.4). We will use the notation A*^’^ := (A, =t:^) and call such an object 
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a cocycle twist of the induced G-grading on A using the normalised 2-cocycle /r. For 
brevity we may also use the term cocycle twist of A, since the notation makes clear 
both the group acting and the normalised 2-cocycle. 

Perhaps the simplest nontrivial example of a cocycle twist is that of a twisted group 
algebra. 

Example 1.1.8. Consider the group algebra AG ■= A Ok kG, with A and G subject 
to the assumptions at the beginning of §1.1.1. The multiplication in this algebra is 
given by 

(a Ok g){h Ok h) = ab Ok gh, 

for all a,b E A and g,h E G. 

The group algebra has an obvious G-graded structure given hj Ag = {a Ok g ■ ci E 
A}. Twisting this grading using a normalised 2-cocycle fi produces a twisted group 
algebra AGg. The multiplication in this algebra is dehned by 

(a Ok g) {b Ok h) = p,{g, h){ab Ok gh), 
for all a,b E A and g,h E G. 

Cocycle twists have been studied in many other places and generalised vastly - 
they can be described as Zhang twists for example (see Theorem 2.2.19), which were 
studied in detail by Zhang in [76]. One can also recover them from the twisted H- 
comodule algebra construction of [42, §7.5] by using the Hopf algebra H = /cG, the 
group algebra of a hnite abelian group. 

Let us exhibit some of the results already in the literature in relation to the preser¬ 
vation of properties under cocycle twisting. Although some of the results hold more 
generally, we state them in the setting of Construction 1. 

Proposition 1.1.9. Assume that A and G are subject to the assumptions at the 
beginning of §1.1.1 and let p be a normalised 2-cocycle. Then if A has one of the 
following properties, so does A^’^\ 

(i) it is hnitely generated as a fc-algebra [43, cf. Proposition 3.1(1)]; 

(ii) it satishes the polynomial identity (PI) property (cf. [76, Proposition 5.6], [43, 
Proposition 3.1(4)]); 
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(iii) it is noetherian (cf. [76, Proposition 5.1], [43, Proposition 3.1(3)]). 

Remark 1.1.10. One can replicate this construction without using an identihcation 
of G and G'^ by instead using a 2-cocycle over G'^. 

Construction 2 

We now move on to the second construction. One hrst dehnes an action of G on 
the twisted group algebra by /c-algebra automorphisms. The algebra can be 
obtained by taking A = k in Example 1.1.8. 

The action of G on kG^j, is dehned as follows: for all g,h E G and a E k, let 
{a (8)fc g)^ := Xg{h)a 0^ g. By assumption one has an action of G on A by /c-algebra 
automorphisms, thus one can dehne a diagonal action of G on the tensor product 
A <g)k kGf, by 

(a (^k9)^ ■= Xg{h){a^ g), 

for all a G A and g,h E G. 

The construction is then completed by taking the invariant ring under this action, 
{A kGfj)^, which is isomorphic to {AG^)^ as a /c-algebra. 

Note that for the Klein-four group G and a particular normalised 2-cocycle fi one 
has kGfj, = M 2 {k) as /c-algebras by Lemma 3.1.10. This provides some indication that 
Example 1.1.4 can be described using Construction 2. The demonstration of this is 
delayed until §3.1.2. 

Consequences 

We now gather together a collection of our main results regarding Constructions 1 and 
2 , the hrst of which shows that they are in fact the same. 

Proposition 1.1.11 (Proposition 3.1.6). Assume that A and G satisfy the base as¬ 
sumptions of §1.1.1. Then for any normalised 2-cocycle fi one has an isomorphism of 
/c-algebras = (AG^)*^. 

The equivalence of the two twisting constructions allows us to adopt the notation 
a cocycle twist formed using either construction. Our main tool for proving 
the preservation of properties under twisting is provided by the following lemma; the 
twisted bimodule structures involved are dehned prior to Proposition 3.2.7. 
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Proposition 1.1.12 (Proposition 3.2.7). Under the base assumptions of §1.1.1, the 
twisted group algebra has the following decomposition as an A'^’^)-bimodule: 


AG^ ^ 

geG 

Here 0^ is some /c-algebra automorphism of A^'^, with 0e = id. Each summand is free 
as a left and right H'^’^-module. Consequently, AGfj_ is a faithfully flat extension of 
on both the left and the right. Furthermore, AG^ is a faithfully flat extension of 
A on both the left and the right too. 


Figure 1.1.13 illustrates how we can use Proposition 1.1.12 to adopt a new strategy 
when trying to show that properties are preserved under cocycle twists. Instead of the 
direct route from A to A^'^, we can attempt to push and pull properties along the 
faithfully flat extensions via the twisted group algebra 



Figure 1.1.13: New technique for proving properties are preserved under twisting 


Using the new technique highlighted by Figure 1.1.13 allows us to prove the fol¬ 
lowing main theorem concerning the preservation of properties under cocycle twists. 
It brings together Lemma 3.2.4, Corollaries 3.2.12 and 3.2.28, and Propositions 3.2.31 
and 3.2.42. Connected graded algebras and Hilbert series are dehned in Dehnition 1.2.2 
and Dehnition 1.2.3 respectively. Dehnitions of the remaining properties involved are 
deferred until their appearance in §3.2. 

Theorem 1.1.14. Further to the base assumptions of §1.1.1, assume that A is con¬ 
nected graded and the action of G on H by /c-algebra automorphisms preserves this 
grading. Then for any normalised 2-cocycle /i, A has one of the following properties if 
and only if A^'^ does: 

(i) it is strongly noetherian; 


(ii) it is AS-regular of global dimension n for some n G N; 
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(iii) it is Koszul; 

(iv) it is Auslander regular; 

(v) it is Cohen-Macaulay. 

Furthermore, A and A^’^ have the same Hilbert series. 

1.1.2 Examples of twists 

Having described some of our results regarding properties preserved under cocycle 
twists, let us now turn to examples. We will be primarily concerned with twisting AS- 
regular algebras of global dimension 4, whose classihcation is an ongoing and central 
project in noncommutative algebraic geometry. This term will refer throughout to the 
school that was created in the wake of the seminal papers of Artin, Tate and Van den 
Bergh in the early 1990’s [7, 8 ]. 

The algebras that will form the main focus of this thesis are the 4-dimensional 
Sklyanin algebras, whose twists are studied in Chapter 4. Such algebras were studied 
in [60, 61, 35], not to mention [67], where they are viewed as a special case of a more 
general construction. 

In the following dehnition we use the notation [x, y] := xy—yx and [x, |/]+ := xy+yx 
to denote certain types of commutator in an algebra. 

Definition 1.1.15 ([60]). Let k be an algebraically closed held with char(A;) ^ 2 and 
a, /9 ,7 G /c be scalars satisfying 

a ++ 7 + O/Sy = 0 and {a,/9, 7 } fl { 0 , ± 1 } = 0 . (1.1.16) 

We dehne the 4-dimensional Sklyanin algebra A{a, (4, 7 ) associated to such parameters 
to be the quotient of the free /c-algebra k{xo,Xi,X2,X3} by the ideal whose generators 
are the six quadratic relations in [60, Equation 0.2.2]: 

[xq, Xi] - a[x2, X3\ + , [xo, Xi]+ - [X2, Xs], 

[xq, X2] - /^[xs, Xi] + , [xo, X2]+ - [X3, Xi], 

[xo,X3] - 7[a;i,a;2]+, [xo,X3]+- [xi,X2]. 


(1.1.17) 
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The latter condition of (1.1.16) allows us to avoid certain degenerate cases (see [60, 
§1]). We will omit the parameters of A(a,/3,'y) for the remainder of §1.1.2. 

The construction of A can also be phrased in terms of a smooth elliptic curve E and 
the translation automorphism a associated to a point on the curve (as discussed in de¬ 
tail in [60, §2.9-2.14]). By generalising this construction one can dehne n-dimensional 
Sklyanin algebras for all integers n > 3. Indeed, it is this family which was studied in 
[67]. The 4-dimensional Sklyanin algebra has many good properties, including being 
AS-regular of global dimension 4 and having Hilbert series 1/(1 — t)^ by [60, Theorem 
0.3]. 

There are many actions of the Klein-four group — which we denote by G for the 
remainder of §1.1.2 — on A by N-graded algebra automorphisms. In Chapter 4 we 
study a cocycle twist A'^’^ for a particular action of G and a normalised 2-cocycle /i. 
Some of the more surprising properties of A^’^ are grouped together in parts (ii) and 
(iii) of the following result; it summarises Proposition 4.2.10 and Theorems 4.1.6 and 
4.2.20. 

Theorem 1.1.18. Let E and a be the elliptic curve and automorphism associated to 
a 4-dimensional Sklyanin algebra A. There is an action of the Klein-four group G on 
A by N-graded algebra automorphisms which, together with a normalised 2-cocycle /i, 
produces a cocycle twist A^'^ with the following properties: 

(i) it is strongly noetherian AS-regular domain of global dimension 4, which has 
Hilbert series 1/(1 — t)^; 

(ii) when |(t| = cxd its point scheme consists of only 20 points (see Dehnition 2.1.22); 

(iii) it has a family of fat point modules of multiplicity 2 parameterised by E^, an 
elliptic curve whose underlying structure comes from the orbit space of E under 
a natural action of G. 

The behaviour exhibited in Theorem 1.1.18 (ii) is particularly surprising given that 
the point scheme of A consists of the associated elliptic curve E and four extra points 
[60, Propositions 2.4 and 2.5]. 

The presence of the modules occurring in Theorem 1.1.18 (iii) can be related to a 
factor ring of A. There exist two central elements Hi,H 2 G ^2 by [60, Corollary 3.9]. 
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The factor ring A/{VLi,VL 2 ) is isomorphic to the twisted homogeneous coordinate ring 
B := B{E, C,a), with such rings being dehned in Dehnition 2.1.4. One can use the 
Noncommutative Serre’s theorem (Theorem 2.1.10) to see that the point modules over 
A that are parameterised by E correspond geometrically to skyscraper sheaves over 
the elliptic curve. 

Since Oi and 02 are hxed by the action of G on A used in Theorem 1.1.18, the 
action of G is compatible with factoring out the ideal (Oi, O 2 ). We prove the following 
result, which summarises Theorem 5.3.9 and Proposition 5.3.27. Any undehned terms 
are dehned in §5.3.1 or §5.3.2. 

Theorem 1.1.19. Let A'^’^ be as in Theorem 1.1.18. There is a factor ring of A^'^, 
labelled B'^’^, which is a cocycle twist of a factor ring of A. The ring B^'^ satishes 
the following properties: 

(i) it can be described as a twisted ring over S, where £ is a sheaf of G£;G-orders; 

(ii) it has a family of fat point modules of multiplicity 2 parameterised by E'^, arising 
in a natural way from certain coherent sheaves of £^-modules. 

The importance of this result will be stressed in §2.1 in relation to canonical maps to 
twisted rings. Briehy, it illustrates that twisted rings can capture geometric properties 
of noncommutative algebras, in this case A^'^. 

Other interesting examples can be found by studying the algebras classihed by 
Rogalski and Zhang in [51]. Such algebras are AS-regular of dimension 4 with three 
degree 1 generators and an additional grading. We disregard algebras with these 
properties that are normal extensions of AS-regular algebras of dimension 3. The 
classihcation up to isomorphism of the remaining algebras consists of 8 families A — Ti. 
Theorem 1.1.20 shows that one can relate several of these families using cocycle twists. 

Theorem 1.1.20 (cf. Theorem 6.2.5). Consider Rogalski and Zhang’s classihcation 
in [51]. For the Klein-four group G and a certain normalised 2-cocycle /i, one has the 
following isomorphisms of /c-algebras: 

A{c-if'^ = v{iA), S(i)^’^ = C(i), T(i,7)''’^ = ^(i,-7), = 
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1.1.3 Contents 

We now give a brief description of the contents of this thesis. The remainder of the 
current chapter consists of §1.2, where our basic conventions and notation are given. 

In Chapter 2 we describe some of the background material that is needed. We begin 
with §2.1, which consists of an introduction to noncommutative algebraic geometry 
emphasising the aspects that are most pertinent to cocycle twists. This is followed 
by §2.2, in which we study several related concepts involving the twisting of algebras; 
cocycle twists, Zhang twists and crossed products are all dehned. The chapter ends 
with the short section §2.3, which describes the Goldie theory that we will use. 

The next chapter is the hrst containing original work. In §3.1 two twisting con¬ 
structions are dehned and then subsequently shown to be the same in Proposition 
3.1.6. The preservation of properties under such twists is then treated in §3.2. A 
result of particular note is Corollary 3.2.28, where the property of being AS-regular is 
shown to be preserved under cocycle twists. In §3.3 we study the relationship between 
point modules over an algebra and fat point modules over a cocycle twist of it. The 
machinery we construct is used in several of the examples later in the thesis. 

Chapter 4 deals with the main examples of cocycle twists studied in the thesis, 
namely twists of 4-dimensional Sklyanin algebras, which we denote by A^’^. In §4.1 
such examples are shown to satisfy many good properties (in particular Theorem 4.1.6), 
while in Theorem 4.2.20 their point schemes are determined. We also show that the full 
version of Odesskii’s example from [47, Introduction] (which was simplihed in Example 
1.1.4), can be described as a cocycle twist of a Sklyanin algebra (Proposition 4.1.17). 
The existence of fat point modules over is proved in §4.2.2; such modules arise 
as direct sums of point modules over Sklyanin algebras by Proposition 4.2.10. This is 
just one indication of the interplay between 1-critical modules over A and A^’^, and 
we prove several more results in this direction. 

In Chapter 5 we study a twist of the factor ring B = A/(f2i,C2)- Under the 
induced G-grading on A, i? is a G-graded factor ring. Thus one can regard the twist 
as a factor of A^'^, which was studied in the Chapter 4. The algebra is 
shown — under some conditions — to have trivial centre in Proposition 5.1.10. From 
this proposition we derive Corollary 5.1.11, which describes the centre of In §5.3 
we describe B^'^ in terms of the geometric classihcation in [6], concerning semiprime. 
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noetherian rings of quadratic growth. This description is given in Theorem 5.3.9, after 
which we show that the twist is a prime ring (Corollary 5.3.21). The fat point modules 
over and the fact that possesses no point modules can both be related to 
this geometric realisation (see Propositions 5.3.24 and 5.3.27). 

Chapter 6 considers cocycle twists of other algebras, beginning in §6.1 with cocycle 
twists of algebras discovered by Stafford in [63]. The next examples are the algebras 
classified in [51] by Rogalski and Zhang. These are shown in Theorem 6.2.5 to have 
some hidden relations via cocycle twists. Of particular note amongst the remaining 
examples in the chapter is a twist of an algebra from [72] in §6.3. We contrast the 
geometry relating to a factor ring of such a twist and compare it with the twist studied 
in Chapter 5. In §6.4 we twist a graded skew Clifford algebra, while the main portion 
of the thesis ends by briefly addressing the ungraded situation - we study twists of a 
universal enveloping algebra and its homogenisation in §6.5. 

Appendix A contains any calculations that have been omitted from the main thesis, 
while Appendix B contains any computer code used to prove earlier results. 

1.2 Basic conventions and notation 

In this short section we state our basic conventions with regard to cocycle twists and 
also some more general notation. 

1.2.1 Basic conventions 

The conventions that follow will hold throughout this thesis apart from certain occur¬ 
rences where deviation from them will be stated explicitly. 

We assume that 0 G N for grading purposes and work over a base held k which 
is assumed to be algebraically closed. Any algebra A will be an associative /c-algebra 
with identity that is hnitely generated (f.g.) as an algebra. By G we will denote a 
hnite abelian group with identity element e. Furthermore, we will assume that the 
characteristic of the base held does not divide the order of G, that is char(A;) f |G|. A 
normalised 2-cocycle will be denoted by ja. Unadorned tensor products <8) will mean 
tensor products over k, (8)^. 
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1.2.2 Notation 

In this section we will describe our basic notation that will be in place throughout the 
rest of the thesis, unless otherwise stated. More specialised notation may subsequently 
be dehned as and when it is needed. 

Group actions 

The group of algebra automorphisms of A is denoted by Autaig(A), while the group of 
group automorphisms of G is denoted by Autgrp(G). One of our base assumptions in 
§1.1.1 was that G acts on A by /c-algebra automorphisms, i.e. G —)■ Autaig(A). As G 
is abelian we can assume that the group acts on the right without loss of generality. 
We will denote the action of an element g E G hy . The embedding of G in the 
automorphism group means that for all a,b E A, g E G and a E k one has (aa)^ = aa^ 
and {aby = . 

We will also dehne actions of G on objects other than algebras later in the thesis. 
The same superscript notation will be used in such circumstances, although the precise 
nature of the action will be given at the time. 

Since G is a hnite abelian group, we can write it as a product of cyclic groups. We 
will denote the cyclic group of order n by G„. The Klein-four group will be pivotal in 
all of our examples from Chapter 4 onwards, and using this notation it can be denoted 
by {G- 2 y. 

Gradings 

One of the fundamental dehnitions required for the work in this thesis is the following. 

Definition 1.2.1. The algebra A is said to be G-graded if it possesses a /c-vector space 
decomposition A = Ag for which 1 E A^. and Ag ■ A^ EL Ag^ for all g,h E G. 

By replacing G with N in this dehnition one obtains the dehnition of an N-graded 
algebra. 

We will make the additional assumption that A is connected graded for certain 
results in §3.2. Moreover, all of our examples of cocycle twists (apart from §6.5) 
involve such algebras. 
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Definition 1.2.2. A /c-algebra A is said to be connected graded or c.g. if it has an 
N-grading A = A„ for which Aq = k and dinifcA„ < oo for all n eN. 

If A is connected graded then one can define the notion of a Hilbert series. 

Definition 1.2.3. If A is a connected graded algebra then its Hilbert series with 
respect to its N-grading is HA(t) := ^^gj^(dinifcA„)t"'. 

From now on we will refer to connected graded algebras as c.g. algebras for brevity. 
When A is N-graded or a c.g. algebra we will assume that G acts on A by N-graded 
algebra automorphisms. This means that in addition to the requirement of acting 
by algebra automorphisms, if a G A„ then a® G A„. The group of N-graded algebra 
automorphisms is denoted by Autis}_aig(A). 

If A is N-graded then we assume that it is generated by finitely many elements 
that are homogeneous with respect to its N-grading. We do not, however, necessarily 
assume that the generators he in degree 1. Our algebras will often be written as 
quotients of a free algebra k{xo,... which can also be described as the tensor 
algebra T{V) over the vector space V = kxo + ... + kxn- If we work with an algebra 
of the form T{V)/I for some ideal I, then we will refer to the generators of I as the 
defining relations of the algebra. 

At times we will focus our attention on quadratic algebras, particularly when study¬ 
ing the Koszul property in §3.2.2. 

Definition 1.2.4. Let H be a finite-dimensional vector space over k and T(y) be the 
tensor algebra over V. For an ideal I whose generators he mV OV we say that the 
quotient T(y)/I is a guadratic algebra over k. 

Note that our definition implies that quadratic algebras are c.g. /c-algebras that 
are generated in degree 1 and whose defining relations lie in degree 2. 

Modnles 

We will work with right modules unless otherwise stated. A module M over the algebra 
A may sometimes be written Ma (or aM if it is a left module). If a module is finitely 
generated then we will abbreviate this to f.g.. Although this abbreviation is also used 
for finitely generated algebras, it will be clear from the context to which we refer. 

Let us now assume that A is N-graded. 
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Definition 1.2.5. A module M over A is an N-graded right A-module if it has /c-vector 
space decomposition M = Mn such that M„ • A^ C Mn+m for all n, m G N. 

Using this definition allows us to define the category of modules in which we will 
sometimes work. 

Definition 1.2.6. By GrMod(A) we denote the category ofN-graded right A-modules. 
The objects of this category are the N-graded right A modules as defined in Definition 
1.2.5. A morphism 0 : M —)■ A^ in this category is a homomorphism of right A-modules 
such that 4>{Mn) C Nn for all n G N. 

Let M G GrMod(A). For any d G N we define M[d] := ^'n with M'^ = Mn+d 

to be a degree shift of M by degree d. We also define M>ci '■= ®n>d^n to be a tail of 

M. 

For M, N G GrMod(A) one can also consider the Z-graded group 

HOMa{M,N) = 0HomGrMod(A)(M,iV[j]). 
jez 

If M and N are f.g. modules then B.OMa{M, N) coincides with Hom^(M, A^), the 
abelian group of ungraded left A-module homomorphisms. To prove this, consider 
a map 0 G B.omA{M, N) and let mi,... ,mp denote the homogeneous generators of 
M of degrees di, ... ,dp respectively. Then (fimi) can be written as a sum of homo¬ 
geneous elements in N, that is 4>{mi) G 0jA0. for some integers G Z. Hence 
0 G 0j HomGrMod(A)(dT, A^[rjj — df). Additionally, the abelian group Hom^(M, A^) 
inherits a Z-graded structure from the modules. 

For f G N the derived functors 

EXT^(M,Ar) = © 
jez 

have a Z-graded structure. Again, when M and N are f.g. modules EXTj 4 (M, A^) 
coincides with the ungraded N). On several occasions we will use this graded 

structure on cohomology groups. In fact, when either M or N has an (A, i?)-bimodule 
structure for some N-graded /c-algebra B, the cohomology groups N) become 

Z-graded H-modules (see [52, Theorem 1.15] for a description of the relevant module 
structures). 
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For a noetherian c.g. algebra A and any f.g. module M G GrMod(A), one can 
define the Hilbert series of M in the same manner as in Definition 1.2.3. Such an 
object is denoted by HMif). 

One can define G-graded modules in an analogous manner to Definition 1.2.5 for 
N-graded modules. This allows the following category to be defined. 

Definition 1.2.8. Suppose that A is G-graded. By GrModG(H) we will denote the 
category of G-graded right A-modules. The objects in this category are the G-graded 
right H-modules. A morphism 0 : M —)■ in this category is a homomorphism of 
right A-modules such that (f>{Mg) C Ng for all g E G. 

Dimension functions 

Gelfand-Kirillov dimension, shortened to GK dimension, is a dimension function for 
algebras and their modules that is defined as follows. 

Definition 1.2.9 ([30, Definition pg. 14]). Let /c be a field and A an associative k- 
algebra with identity. Let V C A be a /c- vector space for which 1 E V and define V"' be 
the vector space spanned by all products of n elements from V. The Gelfand-Kirillov 
dimension of A is defined by 

GKdim.4 = ™pito 

y n^co y log n J 

Here the supremum is taken over all such vector subspaces V. 

For the basic properties of this dimension function, consult [30]. We will also use 
several homological dimension functions, defined as follows. 

Definition 1.2.10. Let A be a /c-algebra and M be a right A-module. Then 

(i) pdim M denotes the projective dimension of M. This is the minimal length of 
a projective resolution of M. 

(ii) Igldim A and rgldim A denote the left and right global dimension of A respec¬ 
tively. One has 

rgldim A = supjpdim M : M is a right A-module}, 


with Igldim A being defined analogously for left A-modules. 
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(iii) idim M denotes the injective dimension of M. This is the minimal length of an 
injective resolution of M. 


A good reference for such dimension functions is [40, §7.1]. 



Chapter 2 


Background material 

2.1 Noncommutative algebraic geometry 

In this section we give an introdnction to the held of noncommntative algebraic ge¬ 
ometry in the sense of [7] and [8]. Onr perspective is informed by the cocycle twists 
that we study in this thesis. 

Broadly speaking, the aim of noncommutative algebraic geometry is to study non¬ 
commutative algebras using the techniques and intuition used to study commutative 
algebras in algebraic geometry. Unfortunately, there are some fundamental obsta¬ 
cles preventing the translation of the theory verbatim; prime ideals are crucial to the 
commutative theory, but are relatively scarce in noncommutative algebras. 

Throughout §2.1 we will assume that k is an algebraically closed held of charac¬ 
teristic 0 unless otherwise stated. We will work with noetherian c.g. algebras (see 
Dehnition 1.2.2) that are assumed to be f.g. as algebras by degree 1 elements, unless 
otherwise stated. While the latter assumption is not always necessary, often results 
which do not require it cannot be stated as succinctly. 

2.1.1 Noncommutative spaces 

Instead of working with prime ideals, one can approach the problem from a cate¬ 
gorical perspective. Let A denote a noetherian c.g. /c-algebra and recall the dehni¬ 
tion of GrMod(A) given in Dehnition 1.2.6. Consider the following subcategories of 
GrMod(A): 
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(i) grmod(yl), the full subcategory of all f.g. N-graded A-modules; 

(ii) fdmod(A), the full subcategory of hnite-dimensional N-graded A-modules. 

One can use these subcategories to dehne the following category, often referred to 
as the category of tails. 

Definition 2.1.1 ([9, cf. §1]). The noncommutative space associated to A is the 
quotient category 

qgr(A) := grmod(A)/fdmod(A). (2.1.2) 

While qgr(yi) has the same objects as grmod(A), its morphisms are different. Each 
morphism in Homqgr(A)(M, N) arises from a morphism in Homgr(A)(M', N'), where M' 
is any graded submodule of M for which M/M' G fdmod(A) and N' = N/N" in 
grmod(74) for some N" G fdmod(yi). 

Remark 2.1.3. In [9, §1] the authors dehne a category QGr(A) by taking the quotient 
of GrMod(74) by the subcategory consisting of direct limits of right bounded modules. 
If A is right noetherian then [10, Proposition 2.3] shows that QGr(74) is determined up 
to equivalence by qgr(A). In this thesis we will work will noetherian algebras, hence 
Dehnition 2.1.1 is sufficient for our needs. 

Dehnition 2.1.1 implies that two modules M, N G grmod(A) become isomorphic in 
qgr(yl) if they are isomorphic (as graded modules) in sufficiently high degree, that is 
M>n — ^>n for some n G N. Using the terminology introduced in §1.2.2 we can say 
that their tails are isomorphic in high degree. Finite-dimensional N-graded modules 
become trivial in qgr(A), thus are sometimes referred to as torsion. 

There is a canonical functor related to the noncommutative space qgr(A), namely 
71 : grmod(A) qgr(A), which sends a module to the corresponding object in qgr(A). 
For M G grmod(A) we will refer to 7r(M) as the tail of M. This hts in with our previous 
dehnition of a tail of a module since for M G grmod(A) one has 7r(M) = 7r(M>„) in 
qgr(74) for all n G N. It will be clear from the context whether the term tail refers to 
a module of the form M>„ or to 7r(M). 

Let us now begin to motivate our use of the term noncommutative space in reference 
to the category dehned in Dehnition 2.1.1. We need to dehne a class of rings which is 
fundamental to noncommutative algebraic geometry. 



CHAPTER 2. BACKGROUND 


31 


Definition 2.1.4 ([9, §1]). Let (X,a,C) be a triple consisting of a projective scheme 
X, an automorphism a and an invertible sheaf of Ox-inodules £. The shorthand 
notation = a*jC will be used for pullbacks. The twisted homogeneous eoordinate 
ring associated to this triple is 

B{X,C,a) = ^T{X,Cn), 

neN 

where Cq = Ox and the sheaf £„ for n > 1 is defined by 

'n _ 1 

Cn = C (^Ox ■ 

There are natural morphisms of invertible sheaves 

L'n ®Ox ^ hLn ®Ox ^ Llm+n; 

which induce the multiplication in B{X,C,a) via taking global sections: 

H\X, Cn) ® H\x, C^) ^ H\X, Cn) 0 H\x, CC) ^ (2.1.5) 

If the invertible sheaf associated to a twisted homogeneous coordinate ring is a- 
ample — whose definition follows — then the ring is noetherian. 

Definition 2.1.6 ([28, §1]). Let (X, £, a) be as in Definition 2.1.4. We say that £ is 
(j-ample if for any coherent sheaf T of Ox-modules 

yfn _ 1 

HP{X,X®C®C^®...®C^ ) = 0 , 

for all p > 0 and n 3> 0. 

This was originally the definition of a left a-ample invertible sheaf. Keeler proved in 
[28, Theorem 1.2] that this definition is equivalent to a notion of right a-ampleness for 
projective schemes over algebraically closed fields. We will mainly work with twisted 
homogeneous coordinate rings for which the associated projective scheme is an elliptic 
curve defined over such a field. In that case — as noted in the proof of [5, Theorem 
4.7] — Corollary 1.6 from [9] implies that ample sheaves are always a-ample and so 
we do not need to worry about this property. 

Remark 2.1.7. We now remark upon another consequence of a-ampleness, as demon¬ 
strated by [62, Proposition 2.1]: if {X, £, a) is a triple as in Definition 2.1.4 for which 



CHAPTER 2. BACKGROUND 


32 


X is an integral scheme and £ is a-ample, then there is an embedding of algebras 
B ;= B{X,C,a) ^ k{X)[z, z~^; a], where k{X) is the fnnction held of X. In this 
setting one may dehne Bn ■= H°(X, £„) C k{X) for all n G N, in which case one has 
Bn = BnZ"' npon considering i? as a snbring of the Ore extension. This notational 
hnesse allows one to concretely see the twisted mnltiplication in B arising from the 
strnctnre of the Ore extension. We will use such ideas in §5.3.1. 

Let us now try to justify our usage of the term noncommutative space in Dehnition 
2.1.1 by hrst considering what happens in the commutative situation. We therefore 
assume until further notice that A is commutative in addition to our base assumptions 
of being a noetherian c.g algebra that is generated in degree 1. 

Associated to A is a projective scheme X = Proj(A) and an embedding j : X ^ 
for some n G N. The following sheaf is crucial to the proof of our next result, Serre’s 
theorem (Theorem 2.1.9). 

Definition 2.1.8 ([25, cf. Chapter II, Dehnition pg. 117]). Let A, X and j be as 
in the previous paragraph. The twisting sheaf OxiX) is dehned to be the pullback 

j*C)pn(l). 

Theorem 2.1.9 (Serre’s Theorem [25, Chapter II, Exercise 5.9]). Let A be a commu¬ 
tative, noetherian c.g. algebra generated in degree 1. Then there is an equivalence of 
categories between qgr(A) and the category of coherent C>x-modules, coh(C>x), where 
X = Proj(A) is the projective scheme determined by A. 

Serre’s theorem can be proved by focusing on the distinguished element 7r(A) G 
qgr(A). The module A a can be reconstructed in high degrees by taking global sec¬ 
tions of the invertible sheaves Ox{n) = Ox(l)®"' for n 3> 0, along with a natural 
multiplication obtained from (2.1.5) by taking a = id and C = Ox(l)- In light of this 
observation it is not surprising that twisted homogeneous coordinate rings form the 
gateway to a theory of noncommutative algebraic geometry. 

Let us now return to the noncommutative setting and our base assumptions. Thus 
A is a noetherian c.g. algebra that is generated in degree 1. The following theorem, 
known as the Noncommutative Serre’s theorem, shows that for twisted homogeneous 
coordinate rings the noncommutative space qgr(i?(X, £, a)) is actually a commutative 
geometric object. 
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Theorem 2.1.10 (Noncommutative Serre’s theorem [9, cf. Theorems 1.3 and 1.4]). 
Let X be a projective scheme over a held k, a an antomorphism of X, and C a a-ample 
invertible sheaf on X. Then the twisted homogeneous coordinate ring B{X, C, a) is a 
f.g. noetherian algebra and there is an equivalence of categories 

qgr(fi(X, C, cr)) ~ coh(Ox)- 

Some of the central objects of study in noncommutative algebraic geometry are 
the Artin-Schelter-regular algebras (AS-regular). These noncommutative algebras are 
dehned in Dehnition 3.2.14 and display many of the properties of commutative poly¬ 
nomial rings. For this reason, an AS-regular algebra of global dimension n is often 
regarded as the coordinate ring of a noncommutative The noncommutative pro¬ 

jective planes (where n = 3) were classihed in [7, 8] for algebras generated in degree 
1 and in [65] for the general case. Their classihcation relied heavily on geometric 
techniques which we will soon discuss. 

The results in this thesis, particularly those in Chapter 4, relate to the classihcation 
of noncommutative P|’s, or, equivalently, AS-regular algebras of dimension 4. While 
no classihcation of such algebras is on the horizon, many families of such algebras have 
been found. Examples include 4-dimensional Sklyanin algebras and their close relations 
[60, 63], homogenisations of universal enveloping algebras [32], algebras associated to 
quadrics [72, 73], double Ore extensions [77], algebras with an additional Z^-grading 
[38, 51] and the algebras in [74, 16, 18]. 

We now consider an example of how a particular AS-regular algebra of low dimen¬ 
sion hts in with Theorem 2.1.10, 

Example 2.1.11. Consider a 3-dimensional Sklyanin algebra S{a,b,c), associated to 
the parameters (a, b, c) E and generated by three degree 1 elements. Such algebras 
are those of type A with r = 3 in Artin and Schelter’s classihcation in [3] (see (10.14) 
op. cit. for the dehning relations). 

Apart from 12 choices of parameters in P^, S(a, b, c) is AS-regular of global dimen¬ 
sion 3. Thus qgr(S'(a, 6, c)) is a noncommutative P^. Furthermore, there is a graded 
surjection from S{a, b, c) to the twisted homogeneous coordinate ring B{E, C, a), where 
E C P^ is an elliptic curve, £ = 0^(1) a very ample invertible sheaf with 3 global 
sections and a a translation automorphism. 
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At the level of noncommutative spaces we see that the noncommutative associ¬ 
ated to S(a,b,c) contains qgT(B(E, C, a)). By the Noncommutative Serre’s Theorem 
the latter category is equivalent to coh.{Ox), thus qgr(S'(a, 6, c)) contains a commuta¬ 
tive geometric category. 

In general, one can ask if there exists a graded surjection from a given c.g. algebra 
to a twisted homogeneous coordinate ring that gives geometric information about the 
algebra. The following property is relevant. 

Definition 2.1.12 ([4, cf. §4]). Let A be a noetherian c.g. algebra. A is strongly 
noetherian if for all commutative noetherian /c-algebras R, A C) R is noetherian. 

Under the hypothesis that an algebra is strongly noetherian and generated in degree 
1, one always has a map from it to some noetherian twisted homogeneous coordinate 
ring [50, Theorem 1.1] (in fact, the scheme involved is the point scheme of the algebra, 
see Dehnition 2.1.22). In particular, many AS-regular algebras of low dimension are 
strongly noetherian. Thus a noncommutative P^~^ will often contain a bona hde 
projective scheme in the sense that coh((Tx) C qgr(A) for some projective scheme 
X (as in Example 2.1.11). Unfortunately, not every noetherian algebra is strongly 
noetherian as Rogalski’s examples in [49] hrst illustrated. 

Theorems 1.1.18 and 1.1.19 suggest that it may be possible to prove a result in the 
vein of [50, Theorem 1.1] for twisted rings rather than twisted homogeneous coordinate 
rings. Twisted rings are dehned in Dehnition 5.3.3 and are one of the fundamental 
components of Artin and Stafford’s classihcation of noncommutative curves, begun 
in [5] and completed in [6]. Artin and Stafford’s work in these papers allows all 
semiprime noetherian algebras of GK dimension 2 to be described in terms of twisted 
rings (see Theorem 5.3.4 for a more precise formulation). We will return to the theme 
of canonical maps to twisted rings in §2.1.2. 

Having associated a noncommutative space to a c.g. algebra, one can ask the 
following two questions to motivate the development of the subject: 

Questions 2.1.13. (i) What are the irreducible objects in qgr(A)? 

(ii) What are the noncommutative analogues of points, lines, etc. in qgr(A)? 


In the next section we will give an overview of attempts to answer these questions. 
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2.1.2 Irreducible objects in noncommutative spaces 

In order to answer Questions 2.1.13 we will once again consider what happens in the 
commutative case. Thus we assume until further notice that A is a commutative 
noetherian c.g. algebra generated in degree 1. Associated to A is a projective scheme 
X, whose embedding in projective space gives rise to a twisting sheaf as in Dehnition 

2 . 1 . 8 . 

Before considering irreducible objects in qgr(A) we need the following dehnition. 

Definition 2.1.14 ([25, cf. Chapter II, Dehnition pg. 115]). Consider a projective 
scheme X and a closed point p E X, along with the inclusion morphism i : p ^ X. 
The ideal sheaf of p, denoted by Ip, is the kernel of the morphism i** : Ox i*Ox,p- 
Here Ox,p denotes the local ring of X at p. 

The equivalence of categories in Theorem 2.1.9 tells us that the irreducible objects 
in qgr(A) correspond to the irreducible objects in coh(Ox)- In the latter these are the 
skyscraper sheaves kp := Oxjlp^ supported only at a closed point p E X. 

The functor coh.{Ox) —t qgr(A) is dehned on a coherent sheaf of (Tx-modules X 
by 

X^7r(^H%X,X(Do^Ox{n))] , (2.1.15) 

VnGN / 

where vr : grmod(A) —)■ qgr(A) is the canonical functor to the associated noncommu¬ 
tative space. 

The sheaf kp is sent under the equivalence described in (2.1.15) to the tail of the 
module Mp := A/Ip for an appropriate ideal Ip. For any closed point p E X the 
module Mp has Hilbert series 1/(1 —t). If denotes a nontrivial N-graded submodule 
of Mp then, since the factor module Mp/N is a hnite-dimensional /c-vector space, one 
has 7r(A^) = 7i{Mp) in qgr(A). Equivalently, Mp is irreducible in qgr(A). 

Let us now return to our base assumptions, thus A is a noetherian c.g. fc-algebra 
generated in degree 1. Combining our observations regarding the commutative case 
with the Noncommutative Serre’s Theorem suggests that the following is a good deh¬ 
nition. 

Definition 2.1.16 ([7, Dehnition 3.8]). Let A be a noetherian c.g. algebra. An N- 
graded right A-module M is a point module if it is cyclic and has Hilbert series 1/(1—t). 
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Note that these conditions guarantee that any N-graded submodule of a point 
module has hnite codimension when A is generated in degree 1. Thus if Mp is a point 
module then its tail 7r{Mp) will be irreducible in qgr(yl). However, there can exist 
irreducible objects in qgr(H) other than the tails of point modules. As remarked at 
the beginning of [59, §7], this is comparable to the fact that noncommutative algebras 
can have simple modules of dimension greater than 1. 

Definition 2.1.17 ([2, pg. 8]). Let A be a noetherian c.g. algebra. An N-graded right 
A-module M is a fat point module of multiplicity e if it has Hilbert series e/(l — t), is 
generated in degree 0 and any non-zero N-graded submodule has hnite codimension. 

Remark 2.1.18. By [8, Proposition 2.21(iii)], the multiplicity of a f.g. N-graded mod¬ 
ule M can be dehned more generally: it is the leading coefficient of the expansion of 
the Hilbert series HM{f) in terms of powers of (1 — t). It is clear that this more general 
dehnition of multiplicity coincides with the use of the term in Dehnition 2.1.17. 

One recovers the dehnition of a point module from that of a fat point module of 
multiplicity 1; as remarked after Dehnition 2.1.16, the hnite codimension condition 
on N-graded submodules automatically holds for a cyclic module with Hilbert series 
1/(1 — t). For general fat point modules this condition is part of the dehnition to 
ensure that the tails of such modules are irreducible in qgr(A). We will refer to the 
tail (in qgr(A)) of a fat point module as a fat point, and similarly a point will refer to 
the tail of a point module. 

One could approach the question of irreducibility from another angle. The condi¬ 
tion in Dehnition 2.1.17 regarding every N-graded submodule having hnite codimension 
can be restated in terms of critical modules. 

Definition 2.1.19 ([8, pg. 342]). A module M G grmod(A) is said to be n-critical if 
GKdim(M) = n and GKdim(M/A^) < n for any non-zero N-graded submodule N. 

A basic property of GK dimension is that the hnite-dimensional modules over any 
algebra have GK dimension 0. This has two consequences for us; hrstly, it means that 
1-critical modules have irreducible tails in qgr(A), and secondly it implies that fat 
point modules of any multiplicity are 1-critical. 

In relation to Question 2.1.13(i), irreducible objects in qgr(A) are, unfortunately, 
not always tails of 1-critical modules (nor fat point modules). An example of Smith 
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[58, pg. 5] demonstrates this: if A = k[x,y] is given the grading x G Ai, y G A 2 , then 
the tail of the module A/xA is irreducible in qgr(A). This module has multiplicity 
1/2 and so is not a fat point module. Smith’s manuscript also gives an example of a 
subring of a differential operator ring over which there is a module with Hilbert series 
1/(1 — whose tail is irreducible in the associated noncommutative space. 

Nonetheless, fat point modules do exhaust all irreducible objects in qgr(H(Q;,/9, 7 )) 
for a large class of 4-dimensional Sklyanin algebras by [59, Proposition 7.1] (recall 
Dehnition 1.1.15 for the construction of H(q;,/ 9 , 7 )). We will elaborate on this point 
shortly. 

Finding the point modules of a c.g. algebra A is often the starting point to deter¬ 
mining the geometry of qgr(H). A crucial object in relation to point modules is the 
point scheme of an algebra, which was hrst introduced in [7, §3]. We must define some 
ingredients to be able to describe the point scheme of an algebra, namely truncated 
point modules and multilinearisations. 

Definition 2.1.20 ([7, Dehnition 3.8]). Let A be a noetherian c.g. algebra generated 
by n elements of degree 1. For d G N a truncated point module of length d -|- 1 is a 
module M G grmod(A) that is cyclic and has Hilbert series HM{f) = 

In the following dehnition we use the shorthand notations {n} := {0,1,..., n} and 
i := (if), ..., id-i) for a vector in / := (n — 1 } , where the length of the vector is clear 
from the context. 

Definition 2.1.21 ([7, §3]). Let A = T(y)/I be as in Dehnition 2.1.20, with V = 

kxo kxn-i- Let d G N and / G be a relation, where / = Yli 

for some Oj G k. Dehne / to be the element of the homogeneous coordinate ring of 

(pn-l)xd 

^ ^ 15 

I 

where the coordinate ring of the (j -|- l)’th copy of is /c[a;oj, • • •, Xn-iy]- We say 
that / is the multilinearisation of /. 

Multilinearisations allow truncated point modules of length d -|- 1 to be parame- 
terised by a projective scheme F^, as proved in [7, Proposition 3.9]. Furthermore, this 
parameterisation is functorial in the sense that there are natural maps in each situa¬ 
tion that correspond to each other (formally, F^ represents the functor of hat families 
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of truncated point modules of length d+T). To see this correspondence, consider the 
map that sends a truncated point module of length d + 1, M = to eto'M, 

by factoring out the highest degree component. This map sends M to a truncated 
point module of length d. A morphism of schemes T^ —)■ T^-i is induced and, as [7, 
Proposition 3.7(i)] shows, the induced morphism is nothing more than the projection 
(pn-i)X(i ^pn-i^xd-i ‘forgets’ the hnal component of the product. 

Definition 2.1.22. Let A be as in Dehnition 2.1.20. The point scheme of A is the 
inverse limit T of the following diagram: 


T0 <-T1 <-- • <-T-r d 



Here T^; denotes the projective scheme parameterising truncated point modules of 
length d + 1, with the maps T^^ —)■ r(i_i as described in the previous paragraph. 

By [7, Corollary 3.13] the points of T are in 1-1 correspondence with point mod¬ 
ules of A. This means that T ‘parameterises’ point modules in the following sense: T 
represents the fnnctor mapping a f.g. commutative /c-algebra C to the set of isomor¬ 
phism classes of factors oi A C)kC with Hilbert series 1/(1 — t). The use of the word 
parameterises in Theorem 2.1.23 below reflects this. 

In particnlarly nice cases one of the morphisms in the inverse limit structure of 
the point scheme is an isomorphism. Proposition 3.7(ii) from [7] then implies that all 
higher degree morphisms are also isomorphisms. Intrepreted in terms of modules, this 
means that given a truncated point module M of sufficiently great length d 3> 0, there 
exists a uniqne point module M' such that M = M'/M^^. 

For strongly noetherian c.g. algebras the following theorem shows that the point 
scheme has a particularly nice form. 

Theorem 2.1.23 ([11, cf. Corollary E4.11]). Assnme that H is a strongly noetherian 
c.g. algebra over a held k. Then the point scheme of H is a projective scheme that 
parameterises the point modules over A. 
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Remark 2.1.24. While the term point scheme is misleading in the sense that such 
an object is not necessarily a scheme, Theorem 2.1.23 shows that the term is justihed 
under certain hypotheses. 

All of the algebras we will study in this thesis are strongly noetherian, thus their 
point schemes are projective schemes. 

Let us now consider Rogalski and Zhang’s result [50, Theorem 1.1], describing a 
canonical map from a strongly noetherian c.g. algebra generated in degree 1 to a twisted 
homogeneous coordinate ring over the point scheme of the algebra. Theorem 2.1.23 
has implications for the relevance of Theorems 1.1.18 and 1.1.19 to a generalisation 
of Rogalski and Zhang’s result; before even considering a canonical map to a twisted 
ring as dehned in Dehnition 5.3.3, one should try to discover the structure of the 
geometric object — if such an object exists — parameterising fat point modules of 
higher multiplicity. In fact, [11, Theorem E5.1] provides an answer to this question for 
algebras satisfying a strong homological condition, with the geometric objects shown 
to be countable unions of projective schemes. 

Let us assume now that our algebra A is strongly noetherian in addition to our 
other hypotheses. More information about point modules can be uncovered by using 
the following technique, described in the introduction of [8]. 

Definition 2.1.25. Let A be a strongly noetherian c.g. algebra with point scheme 
T, and let Mp be a point module over A corresponding to a point p G T. The shift 
Mp[l]>o is also a point module over A, therefore it corresponds to some point p"" G T. 
This shifting operation induces a scheme automorphism cr : T —)■ T which we call the 
associated automorphism of the point scheme. 

We will now state a result of Shelton and Vancliff concerning the point schemes of 
certain algebras. It will be useful to us on several occassions, notably in §4.1.2. Any 
undefined properties in the statement of the result will be dehned in §3.2.3. 

Theorem 2.1.26 ([54, Theorem 1.4]). Assume that k is an algebraically closed held 
for which char(A;) ^ 2. Let A be a c.g. /c-algebra with point scheme T, and suppose 
that the following are true for A: 

(i) it is generated in degree 1 and has Hilbert series 1/(1 — 
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(ii) it is noetherian and Auslander regular of global dimension 4; 

(iii) it is Cohen-Macaulay. 

Then the projective scheme r 2 corresponding to the multilinearisations of the dehn- 
ing relations of A is isomorphic to 

r2 = Up,: per} cFlxPl ( 2 . 1 . 27 ) 

the graph of T under the associated automorphism a. 

Notation 2.1.28. Theorem 2.1.26 will be applicable to many of the algebras that 
we study. We introduce the notation tt* : x —)■ P| for i = 1, 2 to denote the 
projection morphism to the i’th coordinate. In the setting of the theorem one may 
therefore write 7ri(r2) = T. 

In the language of Dehnition 2.1.22, Theorem 2.1.26 tells us that the projection 
morphism r 2 ^ Ti dehnes an isomorphism from r 2 to the point scheme T. Translated 
into a statement about modules, it implies that each truncated point module of length 
3 over such an algebra uniquely determines a point module; to study point modules it 
suffices to study the multilinearisations of the quadratic relations in the algebra. 

The point scheme of a c.g. algebra is an important invariant that is preserved by 
N-graded isomorphisms. Moreover, it is preserved by certain instances of a twisting 
operation on algebras called Zhang twists. While we will discuss Zhang twists fully in 
§2.2.2, we dehne a special class of them here. 

Definition 2.1.29 (cf. [76, pg. 284], Example 2.2.15). Suppose that A is a c.g. algebra 
and (j) is an N-graded algebra automorphism of A. One can dehne a new multiplicative 
structure on A by dehning a *^b := acfRip) for all a E An and b G Am- The algebra 
{A, is called a Zhang twist of A by 0. 

If a c.g. algebra B is a Zhang twist of the A as in Dehnition 2.1.29, then by [76, 
Theorem 3.1] one has GrMod(A) ~ GrMod(i?), hence qgr(A) ~ qgr(i?). Thus the 
geometry encoded by point modules and fat point modules is preserved under such 
twists. 

In general, Zhang twists can involve G-gradings for any semigroup G, and as The¬ 
orem 2.2.19 demonstrates, the cocycle twists in Proposition 1.1.11 can be phrased 
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as Zhang twists. In that sitnation, [76, Theorem 3.1] shows that there is an eqniva- 
lence of categories GrModG(A) ~ GrModG(A'^’^), where G is the relevant semigronp. 
When G 7 ^ N this equivalence gives relatively little information about the relationship 
between qgr(A) and qgr(A‘^’^). 

Our results show that qgr(yl) and qgr(A‘^’^) can be very different. Let us focus 
on the 4-dimensional Sklyanin algebra A(a,/3,'y), under the additional assumption 
that the associated automorphism a has inhnite order. All fat point modules over 
A(a,/3,'y) are known, and by [59, Proposition 7.1] fat point modules constitute all of 
the irreducible objects in qgr(A(a, /3,'y)). In particular: 

(i) its points are parameterised by an elliptic curve E and four extra points in P| 
[60, Propositions 2.4 and 2.5]; 

(ii) fat points of all multiplicities were classihed by Smith and Staniszkis in [61]. 

By contrast. Theorem 1.1.18 shows that A(a, has inhnitely many fat point 

modules of multiplicity 2 and only 20 point modules, the former valid without the 
assumption that |(j| = oo. 

Before moving on we briefly address our method of constructing the fat point 
modules of multiplicity 2 over A(a, Fat point modules over A(a,/3,'y) were 

realised in [61] as factor modules of line modules (see Dehnition 2.1.30 with n = 1). 
They also appear as a byproduct of some categorical equivalences described in [71, 
Proposition 7.5.2]. 

Our method uses the fact that kG^ = M 2 (A;) for the Klein-four group G and 
some normalised 2-cocycle /i (see Lemma 3.1.10). This means that A{a, /3,'y)'^’^ is a 
subring of M 2 {A{a, 13, q)) via Gonstruction 2 of the twist. It is then natural to take 
direct sums of modules over A{a,/3,'y) and consider them as M 2 (A(q;,/9, 7 ))-modules, 
before restricting them down to the cocycle twist. For a point module over A{a,l3,q) 
corresponding to a point on the elliptic curve E, this method produces a fat point 
module of multiplicity 2 over A{a, /3,'j)'^’^. 

Let us now address Question 2.1.13(ii) - what are the noncommutative analogues 
of lines, planes, etc.? Once again we can look to the commutative case for inspiration, 
which suggests the following dehnition. 
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Definition 2.1.30 ([35, cf. Definition pg. 51]). Let A be a noetherian c.g. algebra. A 
module M G grmod(A) is a linear module of dimension n if it is cyclic and has Hilbert 
series 1/(1 — 

For n = 0 one recovers point modules, while modules in the n = 1,2 cases are 
referred to as line modules and plane modules respectively. Thus lines and planes in 
qgr(A) can be defined as the tails of line and plane modules in grmod(A) similarly. 
Another indication that qgr(A(Q;,/5, 7 )) is well-understood is given by Staniszkis’s 
classification of linear modules of all dimensions in [64]. 

We saw in Theorem 2.1.23 that the point scheme of an algebra parameterises its 
point modules under the strongly noetherian hypothesis. Is there an object which 
plays a similar role for larger linear modules? This is the question addressed by the 
research in [56]. One of the results in that paper, namely Corollary 1.5 op. cit., shows 
that there is a scheme r2oo(A, n) whose closed points parameterise the n-linear modules 
over A. When n = 1 this scheme is called the line scheme of the algebra, while for 
n = 0 one recovers the point scheme. 

Now consider the following conditions on an algebra A. 

Conditions 2.1.31 ([56, Conditions 2.1-2.3]). Suppose that A satisfies the following 
conditions: 

(i) A has Hilbert series HAif) = 1/(1 — t)^; 

(ii) A is a domain; 

(hi) any plane module M over A is 3-critical, and any nontrivial N-graded submodule 
of M also has GK dimension 3. 

If A satisfies these conditions then its line scheme will not only be a projective 
scheme, but can be characterised in several different ways [56, cf. Lemma 2.4]. Fur¬ 
thermore, by Corollary 2.6 op. cit. the irreducible components of the line scheme of 
an algebra satisfying Conditions 2.1.31 are at least 1-dimensional. 

There are some examples in the literature of AS-regular algebras of dimension 4 
with a 1-dimensional line scheme; see [74, Proposition 3.5] or the algebras defined in 
[18, Example 5.1] for example. Some of the algebras that we study later in this thesis 
will be shown to have a 1-dimensional line scheme (see Propositions 4.2.1 and 6.1.27). 
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2.1.3 Algebras with a 0-dimensional point scheme 

One of the major themes of the papers [74, 55, 16, 66, 18] is the study and construction 
of AS-regular algebras of dimension 4 with a 0-dimensional point scheme. As Theo¬ 
rem 1.1.18 shows, some examples of cocycle twists that we study can be considered 
alongside these examples. 

The original example of a noncommutative algebra with a 0-dimensional point 
scheme is given in the unpublished manuscript [70]. Within it. Van den Bergh shows 
that graded Clifford algebras with ‘generic’ relations have 20 point modules, related 
in pairs by the shifting automorphism of Dehnition 2.1.25. These algebras were gen¬ 
eralised in [18], with a cocycle twist of such a generalisation being studied in §6.4. 

As remarked in several papers, for example in [54, §1.2], an AS-regular algebra of 
dimension 4 that is generated in degree 1 with Hilbert series 1/(1 — t)^ and ‘generic’ 
relations has a 0-dimensional point scheme. Furthermore, if such an algebra has a 
0-dimensional point scheme then it has at most 20 point modules; the precise number 
depends on the multiplicities of the closed points in the point scheme (see the remarks 
prior to [21, Dehnition II.1.7]). 

Since we have been unable to hnd a proof of the latter fact in the literature, we 
give one below. In the proof we consider certain irreducible projective schemes as 
projective varieties in order that we may use the notion of degree for such objects, as 
dehned in [25, Chapter I, Dehnition pg. 52]. 

Proposition 2.1.32. Let k be any algebraically closed held and assume that the 
/c-algebra A = T(V*)/I satishes conditions (i)-(iii) in Theorem 2.1.26. If the point 
scheme of A is 0-dimensional then A has 20 point modules counting multiplicity. 

Proof. By assumption A satishes the hypotheses of Theorem 2.1.26. That result im¬ 
plies that the point scheme of A is T := 7ri(r2), where 

Ta C P(V) X P(V) = P| X P| 

is the scheme determined by the multilinearisations of the quadratic relations of A. 
Furthermore, F 2 is the graph of F under an automorphism. Combined with the as¬ 
sumption that F is 0-dimensional, this implies that F 2 must also be 0-dimensional. 
The closed points of F parameterise point modules over A, thus it suffices to prove 
that F 2 contains 20 points counting multiplicity. 
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We may use the Segre embedding to consider P| x P| (and thus r 2 ) as a closed 
subscheme of P(V ^0 V^) = P^^. Note that r 2 consists of precisely those points in P^ x P^ 
at which all elements in U vanish upon evaluation. One naturally has C V <DV, 
in which case F 2 can be described inside P^® as the intersection of P| x P| with the 
projectivisation of namely P(/^). Thus r 2 = (P^ x P|) fl P(/^) C P^^. 

To see that r 2 consists of 20 points counting multiplicity we can apply Bezout’s 
Theorem [25, Chapter I, Theorem 7.7]. In the notation of that result we take H = 
P(J^) and F = P^ X P^, which can both be considered as projective varieties. By 
assumption, I 2 is a 6 -dimensional /c-vector space, hence C F 0 F has dimension 
10. It follows that P(/^) = Pfc, whence it has degree 1. Using [25, Chapter I, Exercise 
7.1(b)] one can see that P^ x P| has degree (^]^^), which equals 20. Bezout’s theorem 
tells us that the sum of the multiplicities of the points in r 2 is equal to deg(P^ x P^) ■ 
deg(P(J^)), which is 20. □ 

In light of Proposition 2.1.32, Theorem 1.1.18(ii) tells us that the Sklyanin twist 
yl(Q;, /5, has the maximal number of point modules given that its point scheme is 
0 -dimensional. 

The following result shows that certain algebras are determined by the scheme r 2 . 

Theorem 2.1.33 ([56, cf. Theorem 4.1]). Fix a base held k that is algebraically closed 
and for which char(/c) 7 ^ 2. Let T{V)/I be a quadratic algebra on four generators with 
six dehning relations, and let r 2 C P| x P^ denote the zero locus of I 2 in the sense of 
Dehnitions 2 . 1.21 and 2 . 1 . 22 . If r 2 is 0-dimensional then 

/2 = {/eF0F:/|r, = 0}. 

Remarkably, this result does not require any hypotheses other than a specihed 
number of generators and relations. Applied to our results it implies that the Sklyanin 
twist A(q;,/5, 7 )*^’^ is determined up to isomorphism by the 20 points in its point 
scheme and the associated automorphism, which together describe r 2 for that algebra. 
We show in Theorem 5.1.12 that A{a, 13, 7 )*^’^ is not isomorphic to any of the existing 
examples in the literature of AS-regular algebras of dimension 4 with 20 point modules. 

A similar result to Theorem 2.1.33 was proved for the line scheme of an AS-regular 
algebra of dimension 4 in [56, Theorem 4.3]. When the line scheme of such an algebra 
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has dimension 1 its relations can be reconstructed from those functions vanishing on 
the line scheme. 

Such results highlight the importance of hnding examples of algebras that are AS- 
regular of dimension 4, have a 0-dimensional point scheme and a 1-dimensional line 
scheme, since information in qgr(A) essentially determines them. In addition to having 
a 0-dimensional point scheme, the Sklyanin twist A{a, 13, has a 1-dimensional line 
scheme by Proposition 4.2.1. 

2.2 Twists of algebras 

In this section we will describe three constructions relating to twisting algebras. The 
hrst two, namely cocycle twists and Zhang twists, involve twisting the multiplicative 
structure in an algebra. These objects are the subject of sections §2.2.1 and §2.2.2 
respectively. Cocycle twists can be formulated as Zhang twists, as shown in Theorem 
2.2.19. A partial converse to this result is given by Proposition 3.1.21 in the next 
chapter, which gives a class of Zhang twists that can be phrased as cocycle twists. 
The section ends with crossed products being dehned in §2.2.3. Once again there 
is some intersection between such objects and the twisting constructions previously 
introduced. 

2.2.1 Cocycle twists 

Cocycle twists are a classical construction and the subsequent material can be found 
in many places, such as [27, §2.3]. The idea of twisting algebraic structures has been 
vastly extended; the recent paper [12] studies cocycle twists in a monoidal category 
for example. In this section we expand on the brief introduction to classical cocycle 
twists given in Construction 1 of §1.1.1. 

We will assume until further notice that k is an algebraically closed field and A is an 
associative /c-algebra with identity. By G we will denote a hnite group, not necessarily 
abelian, for which char(A;) \ |G| and A admits a G-graded structure. Recall from 
Dehnition 1.2.1 that this means that there is a direct sum decomposition of A;-vector 
spaces A = with AgA^ C Agh for all g,h G G and 1 G Ag¬ 

in Definition 1.1.6 we dehned a normalised 2-cocycle of G. All 2-cocycles that we 
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use will be normalised, therefore we make the following dehnition for the remainder 
of the thesis. 

Definition 2.2.1 (cf. Dehnition 1.1.6). A 2-cocycle of G with values in is a function 
fi : G X G ^ satisfying the following relations for all g,h,l E G: 

uiS: h)iJ,{gh, 1) = iJ,{g, hl)iJ,{h, /), (2.2.2) 

Uicg) =Ti9A) = 1. (2.2.3) 

Let Z'^{G, k^) denote the set of 2-cocycles of G with values in k^. Under pointwise 
multiplication Z‘^{G,k^) forms an abelian group whose identity element is fig, where 
Teid-i h) = 1 for all g,h E G. 

One can deform the G-graded multiplication in A using a 2-cocycle as we saw in 
Construction 1 of §1.1.1. However, we will now take a more general approach. Let 
fi : G X G ^ k^ he any function satisfying (2.2.3) for all g E G. We dehne a map 
*fj_ : A X A ^ A as follows. First, for homogeneous elements a E Ag and b E Ah 
dehne a *gb := fj,{g, h)ab, where juxtaposition denotes the original multiplication in 
A. This can then be extended by /c-linearity to a function on the whole oi Ax A. One 
obtains a new algebra structure on A with the same identity element, and we denote 
this algebra by (A, *g). 

The next proposition shows that condition (2.2.2) in Dehnition 2.2.1 governs the 
preservation of associativity under twisting. 

Proposition 2.2.4 ([27, Lemma 2.3.3]). Let G be a hnite group and A be a G-graded 
associative /c-algebra with identity. Consider a function fj, : G x G ^ k^ satisfying 
(2.2.3). Then (A, *^) is a /c-algebra with the same algebra identity element as A. 
Moreover, (A, =t:^) is associative if and only if fi satishes (2.2.2). 

Proof. To see that (A, *g) is a /c-algebra is suffices to check that k is central under 
Let \ E k^. The G-grading of A gives a decomposition into /c-vector spaces, hence 
k (Z Ae must hold. Thus 

X a = g)\a and a X = fi{g,e)\a. (2.2.5) 

When (2.2.3) holds A must remain central under the new multiplication. Moreover, 
by taking A = 1^ in (2.2.5) it is clear that the algebra identity in (A, =t:^) is the same 
as that in A. 
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Now let a G Ag, b E Ah and c E Ai for some g,h,l E G. One has 

a {b *gc) = a (/i(/i, l)bc) = hl)a{bc), 

{a b)*gC= (nig, h)ab) *gC = g,{g, h)g,{gh, l){ab)c. 

Using the associativity of A it is clear that is associative if and only if (2.2.2) is 
satished. □ 

We gave the prototypical examples of cocycle twists in Example 1.1.8, namely 
twisted group algebras. Let us recall their dehnition. 

Example 2.2.6 (cf. [27, §2.3], Example 1.1.8). Let G be a hnite group and k a held. 
The group algebra kG is a vector space whose basis elements are indexed in a natural 
way by elements of G, that is, kG = 0ggG- kg. The multiplication in kG is given by 

iag){l3h) = al3{gh), 


for all a, 13 E k and g,h E G. 

Now let A be an associative A;-algebra. One can form a group algebra over A by 
taking the tensor product of algebras AG := A 0 kG. The group algebra AG has 
a G-grading given by AG = 0ggc' di can twist this grading using a 2- 

cocycle. For a 2-cocycle p, the algebra AGg := (AG, =t:^) is a twisted group algebra. 
The multiplication in AGg is given by 

(a 0 g) {b®h)= fj,{g, h)ab 0 gh, 
for all a,b E A and g,h E G. It is clear that AG^^ = A 0 kGg. 

A natural question to ask is the following: for which 2-cocycles is AG^^ isomorphic 
to AG? In order to answer this question let us assume that A = k. Consider a 
2-cocycle /i for which there exists a function p : G ^ k^ such that for all g,h E G, 

Uia, h) = p{g)p{h)p{gh)-^. (2.2.7) 

Let B‘^{G,k^) denote the subgroup of Z‘^{G,k^) consisting of all 2-cocycles sat¬ 
isfying (2.2.7). This is the set of 2-eoboundaries of G with coefficients in k^. If 
two 2-cocycles he in the same coset modulo the coboundaries then we say they are 
eohomologous. 
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The next result shows that 2-coboundaries control isomorphisms between twisted 
group algebras. Although it is stated in [27] for k = C, the proof can be adapted to 
work when k is only assumed to be algebraically closed. 

Theorem 2.2.8 ([27, cf. Theorem 2.3.4]). The twisted group algebras and kG^ 
are isomorphic as G-graded algebras if and only if n and 0 are cohomologous. In 
particular, if /i is a coboundary then /cG^ = kG. 

By Theorem 2.2.8 the abelian group Z‘^{G, k^)/B‘^{G, k^), which we denote by 
H‘^{G, k^), can be viewed as an object that parameterises isomorphism classes of G- 
graded deformations of kG. In fact, when k = C this quotient group has a special 
name. 

Definition 2.2.9 ([27, §2.1]). The Schur multiplier M{G) of a hnite group G is the 
quotient group i7^(G,C^). 

Remark 2.2.10. The Schur multiplier of a group G is also related to central extensions 
and projective representations of G, see [27, Theorem 1.4.1] for example. 

The Schur multiplier of a group G — and more generally H‘^{G,k^) — can be 
interpreted in terms of group cohomology as in [27, §1.3]. One can use this approach 
to show that cyclic groups have no nontrivial 2-cocycles in the sense that H‘^{G,k^) 
is isomorphic to the trivial group; for k = C this is Proposition 2.1.1 op. cit.. It then 
follows from the next proposition that there are no nontrivial twists for cyclic groups. 
The result is standard and is proved in a similar manner to one direction of Theorem 
2.2.8, however we have been unable to hud a reference for the form as we state it. 

Proposition 2.2.11. Let G be a hnite group and A a G-graded /c-algebra. For a 
2-cocycle p that is cohomologous to the trivial 2-cocycle one has an isomorphism of 
/c-algebras (A, •) = (A, =t:^), where ■ denotes the original multiplicative structure of A. 

Proof. By assumption there exists some p : G ^ k^ such that 

U{ 9 ,h) = p{g)p{h)p{gh)-^, 

for all g,h E G, as in (2.2.7). Dehne a map <p : (A,-) —)■ (A, =t:^) by ip{a) = p{g)~^a 
for all a E Ag and extending by /c-linearity. For homogeneous elements a E Ag and 
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b E Ah one has 

(p{a) ifih) = n{g, h)p{g)~^p{h)~'^ab = p{gh)-^ab = p>{ab). 

Thus 99 is a /c-algebra homomorphism, and since the two algebras have the same 
underlying vector space structure it must in fact be an isomorphism. □ 

Another nice consequence of knowing that 2-cocycles over cyclic groups are trivial 
is given by the following result of Yamazaki, given as an exercise in [27]. 

Proposition 2.2.12 ([27, Exercise 2.13.2]). Let P, Gi and G 2 be abelian groups. 
Then 


H\Gi X G 2 , P) = H\Gi, P) X H\G2, P) X Homgrp(Gi G 2 , P) 

One can use Proposition 2.2.12 to calculate H‘^{G, k^) for any finite abelian group. 
In particular, the proposition implies that the Klein-four group G = ( 02 )^ is the 
smallest group for which H‘^{G,k^) is nontrivial. Our examples in Chapter 4 show 
that many interesting phenomena occur for twists involving 2 -cocycles over this group. 

2.2.2 Zhang twists 

We now move on to considering Zhang twists, a thorough treatment of which is given 
in [76]. Throughout § 2 . 2.2 we will retain the assumptions of § 2 . 2 . 1 , except that G can 
now be any semigroup, primarily to allow for the case G = N. 

We will work with G-graded fc-linear automorphisms of A. These are /c-linear 
maps from A to itself such that the restriction to any graded piece Ag is a vector 
space isomorphism. As Zhang notes prior to [76, Definition 2.1], G-graded /c-linear 
automorphisms are not necessarily algebra automorphisms, although in practice twists 
arising from algebra automorphisms are more commonly studied (see Example 2.2.15). 
The main ingredient of a Zhang twist is the following. 

Definition 2.2.13 ([76, Dehnition 2.1]). A set r = {r^ : g G G} of G-graded /c-linear 
automorphisms of A is called a twisting system of A if 

Tg{yTh{z)) = Tg{y)Tgh{z), (2.2.14) 


for all g,h,l E G and all y G Ah, z G Ai. 



CHAPTER 2. BACKGROUND 


50 


We proceed by giving an example of perhaps the simplest manner in which a 
nontrivial twisting system can arise. 

Example 2.2.15 ([76, pg. 284]). Suppose that A is a c.g. algebra and / is an re¬ 
graded algebra automorphism of A. Then {/"■ ; n G N} is a twisting system of A. 
This is an example of an algebraic twisting system since it arises from a semigroup 
homomorphism (N, -|-) —)■ AutN_aig(A) where n i—)■ /"■. 

As for 2-cocycles, a twisting system can be used to dehne a new multiplication 
on the underlying G-graded vector space structure of A. As the next proposition 
demonstrates, the condition in (2.2.14) means that associativity is preserved by the 
new multiplication. 

Proposition 2.2.16 ([76, Proposition and Dehnition 2.3]). Let A be a G-graded alge¬ 
bra and r a twisting system. Then there is a new G-graded, associative multiplication 
on the underlying G-graded /c-vector space A = A^, dehned by 

x^rV ■.= XTg{y), 

for all X E Ag and y G Ah- The element = Tg“^(l) is the identity element with 
respect to 

The new algebra we have dehned is called the Zhang twist of A by r and is denoted 
by The apparent conhict with this notation also being using in the previous 

section will be explained shortly. By [76, Proposition 2.4] we can assume without loss 
of generality that the identity element in an algebra is preserved under a Zhang twist. 

Given a G-graded right A-module there is a natural way to construct a G-graded 
right A'^’'^-module from it. 

Definition 2.2.17 ([76, Proposition and Dehnition 2.6]). Let A be a G-graded algebra 
and r a twisting system with A*^’^ the associated Zhang twist. If M = 0ggG'is a 
G-graded right A-module then there is a graded right A'^’^'-module structure on the 
underlying G-graded /c-vector space structure of M, dehned by 

m *r z := mTh{z), 

for all m G Mh and z E Ai. The graded right A'^’'^-module (M, *,-) is called a twist of 
the module M by r, and is denoted by 
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Before stating some of the main results of Zhang’s paper, we make the following 
remark. In the context of noncommutative algebraic geometry the G-grading used 
when twisting usually comes from the semigroup G = N, arising from the underlying 
connected graded structure of the algebra. Although Zhang twists preserve several 
properties for gradings by general semigroups, when G = N stronger results can be 
proved. One such result is the following Morita-type theorem. 

Theorem 2.2.18 ([76, Theorem 3.1]). Let A and B be two G-graded algebras where 
G is a semigroup. If i? is a Zhang twist of the G-grading on A then the categories 
GrModG(A) and GrModG(i?) are equivalent. 

When such algebras are connected graded and Ai ^ 0, this result becomes an if 
and only if statement by [76, Theorem 3.5]. 

We now illustrate how cocycle twists can be formulated as Zhang twists. 

Theorem 2.2.19 ([76, cf. Example 2.9]). Gocycle twists as described in §2.2.1 can 
be formulated as Zhang twists. 

Proof. Let A be a G-graded algebra and /i be a 2-cocycle. Dehne a twisting system 
r = {Tg : g G G} as follows: for all g,h E G and y G A^, let Tgiy) := /j,(g, h)y. Such 
maps are clearly fc-linear and one can check that the cocycle condition (2.2.2) implies 
that (2.2.14) is satished. We claim that there is an algebra isomorphism between the 
Zhang twist A^''^ and the cocycle twist 

To prove this, consider the map which is the identity on the underlying vector 
space of A. For homogeneous elements a; G A^ and y E A^ we have 

x*ry = XTgiy) = fj,{g, h)xy = x*f,y. 

The multiplication in the two twists is the same and thus the map is an isomorphism. 
For cocycle twists of G-graded algebras one therefore has an equivalence of categories 
of graded modules by Theorem 2.2.18. □ 

2.2.3 Crossed products 

In Theorem 2.2.19 it was shown that cocycle twists of a G-graded algebra can be 
expressed as Zhang twists. In this short section we will dehne the notion of a crossed 
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product and see that cocycle twists are related to a special case of their construction. 
Viewing cocycle twists in this manner will be useful to us in certain circumstances, 
allowing us to use results in the literature on crossed products. 

The dehnition of a crossed product is as follows. 

Definition 2.2.20 ([40, §1.5.8]). Let R he a ring and G a group. Let S D R he a 
ring containing a set of units G = {g : g G G}, isomorphic as a set to G. S is said to 
be a crossed product of R and G if the following conditions hold: 

(i) S' is a free right i?-module with basis G and Iq = Is; 

(ii) for all gi, g 2 E G, g^R = Rtg^ and g{g 2 R = gTER- 
Such a ring is often written S = R* G. 

We will see in Chapter 3 that the group ring AG and the skew group ring AGf^ 
play a key role in many proofs concerning the cocycle twist A^'^. Such objects are a 
special case of crossed products; the free basis indexed by G is central in AGfj_ rather 
than just normal as required by condition (ii) in Dehnition 2.2.20. 

2.3 Goldie theory 

In this section we will describe the results from Goldie theory that will be needed in 
this thesis. 

Artin-Wedderburn theory shows that any semisimple artinian ring is isomorphic 
to a direct sum of matrix rings over division rings [40, Theorems 0.1.10 and 0.1.11]. 
Goldie theory answers the question of when a ring has a semisimple artinian classical 
quotient ring. The classical quotient ring of a ring R is the ring obtained by inverting 
the set of non-zero regular elements in R. 

The rings to which Goldie’s theory of noncommutative localisation apply are de- 
hned as follows. 

Definition 2.3.1 ([23, cf. pg. 115]). A ring R is Goldie if the following conditions 
hold for the modules Rr and rR\ 


(i) any direct sum of submodules is hnite; 
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(ii) any ascending chain of annihilators is also finite. 

A noetherian ring is easily seen to be Goldie, therefore the next result is applicable 
to the rings that we study in this thesis. 

Theorem 2.3.2 (Goldie’s Theorem, [23, Theorems 6.15 and 6.18]). A ring R has 
a semisimple artinian classical quotient ring if and only if it is semiprime Goldie. 
Moreover, R has a simple artinian classical quotient ring if and only if it is prime 
Goldie. 

The rings we study will often be graded, and there is a version of Goldie’s theorem 
for such rings [46, Theorem G.I.1.6]. We will only need the ‘prime’ version of that 
result, stated as Theorem 2.3.3 below. In the theorem the ring of fractions refers to 
inverting the non-zero homogeneous regular elements. Any property that is prefixed 
by gr- has the same dehnition as in the ungraded case but only applied to graded 
modules. 

Theorem 2.3.3 (Graded Goldie’s Theorem, [22, cf. Theorem 1]). Let G be an abelian 
group and R a G-graded, gr-prime, gr-Goldie ring. Then R has a gr-simple, gr-artinian 
ring of fractions, denoted by Qgj.(R). We call Qgr(R) the graded quotient ring of R. 

We now describe such graded quotient rings explicitly when G = Z, which also 
encompasses N-graded algebras. By [46, Gorollary A.1.4.3 and Theorem A.1.5.8], such 
a ring is isomorphic to a ring of the form Mn{D)[z, z~^; a], where D is a division ring, 
a is some automorphism of D and n > 1. Thus the graded quotient ring of a graded 
prime ring is a skew polynomial ring over a simple artinian ring. 

When i? is a domain, Qg^{R) = D[z, z~^-, a] for some division ring D. This division 
ring is called the graded division ring of R. One could choose another element in Dz 
to be the skew parameter, in which case the corresponding automorphism is obtained 
from the previous one by a conjugation map. This is demonstrated by the following 
calculation. For all d,d' E D one has 

dzd' = da{d')z = {da{d')d~^)dz. 

Thus, if one takes dz to be the new skew parameter then a is replaced by q o a in 
the skew structure, where Cd '■ D D is defined by Cd{x) = dxd~^ for all x E D. In 
our case D will often be a held, in which case the conjugation is trivial and one can 
change the skew parameter without changing the associated automorphism. 



Chapter 3 


Cocycle twists of 

automorphism-induced C-gradings 


In this chapter we will elaborate on Constrnctions 1 and 2 from §1.1.1 and stndy 
them in more detail. These two twisting constructions are shown to be the same in 
Proposition 3.1.6. In §3.1.2 we then formulate Odesskii’s example (Example 1.1.4) in 
terms of a cocycle twist. This is followed by §3.1.3, in which we show that some Zhang 
twists of N-gradings can be described as cocycle twists. To end §3.1 we discuss the 
effect of group automorphisms and choices of duality on twisting in §3.1.4. 

In §3.2 we show that many properties are preserved under cocycle twists, for ex¬ 
ample AS-regularity in Corollary 3.2.28. Our main tool is Proposition 3.2.7, which 
allows the use of faithful flatness arguments. 

The chapter concludes with §3.3, in which we study the interplay between 1-critical 
modules over an algebra A and a cocycle twist A^’^. Under some hypotheses, our work 
demonstrates that point modules over A can be used to construct fat point modules 
of multiplicity 2 over A^’'^ (see Proposition 3.3.5). 

3.1 Constructions of the twists 

We begin this section by hxing the base assumptions under which we will work. 

Hypotheses 3.1.1 (General case). Let A be a /c-algebra where k is an algebraically 
closed held. Assume that a hnite abelian group G acts on A by algebra automorphisms. 
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where char(A;) \ |G|. Fix an isomorphism between G and its group of characters 
mapping g ^ Xg- 

Our primary interest in cocycle twists is to apply them to N-graded algebras. As 
such, we record the following additional assumptions that will be used when dealing 
with properties related to N-graded algebras. 

Hypotheses 3.1.2 (N-graded case). Further to Hypotheses 3.1.1, assume that A is 
N-graded and G acts on A by N-graded algebra automorhisms, i.e. G —)■ AutN_aig(A). 

3.1.1 Two constructions 

The first construction is essentially Odesskii’s twist from [47] in greater generality. 
Given a 2-cocycle fi G Z‘^{G,k^) we can form the twisted group algebra AG^ = 
A (g) kGf^, as dehned in Example 2.2.6. As noted in §2.2.3, this algebra has a crossed 
product structure. 

We will dehne an action of G on kG^ by := Xg{h)g for all g,h ^ G and extending 
/c-linearly. To see that this is indeed an action by algebra automorphisms, note that 

= Xg{hk)g = Xg{h){Xg{k)g) = (g^)^, (3.1.3) 

and 

[g hf = {fi{g, h)ghf = fi{g, h)xgh{k)gh = fi{g, h)xg{k)xh{k)gh = g’^ h^. 

In (3.1.3) we have used the fact that G is abelian. 

While this is not the obvious action of G on the twisted group algebra, choosing 
it will simplify our work. Observe that under this action kG^ affords the regular 
representation of G, with isotypic components of the form [kG^)^^ = kg. We then 
dehne a diagonal action of G on the tensor product A (g) /cG^, where 



for all Oj G A, gi,h G G. The algebra in which we are interested is the invariant ring 
under this action, [A (g) kG^)^ = (AG^)*^. 

We now describe the second construction, which is a special case of [42, §7.5.1] 
obtained by taking H = kG. We will avoid Hopf algebra terminology and give the 
construction in some detail. 
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Let G and A be as in Hypotheses 3.1.1. We must first address how a G-grading is 
induced on A by the action of G. Maschke’s Theorem [26, Theorem 1.9] tells us that 
since H is a /cG-module it is completely reducible and therefore splits into a possibly 
inhnite direct sum of irreducible submodules, A = 0ie/ Ai. Since G is abelian, each 
submodule Ai is 1-dimensional, thus Ai = kai for some a* G A. 

Having discussed these preliminaries we may now define the G-grading on A that 
is induced by the action of G. 

Lemma 3.1.5. Dehne Ag := A^s-^ for all g E G, where A^3~^ is the isotypic compo¬ 
nent of A corresponding to the character x^-i. Then A = 0ggG' dehnes a G-grading 
on A. 

Proof. Since G acts by /c-algebra automorphisms one clearly has 1 E A^.. To complete 
the proof, consider homogeneous elements a E Ag^ , b E Ag^ and h E G, and calculate 

[ab)'^ = = Xg-i{h)aXg-i{h)b = Xigig2w{h)ab, 

which implies that ab E Ag.^g^. Thus • Ag^ C all 91,92 ^G. □ 

We denote the cocycle twist of H by p under the induced grading by as in 

§ 2 . 2 . 1 . 

The two constructions we have given are in fact the same, as the next proposition 
shows. We remark that this fact was also noted more generally in [12, §3.4] via the 
coaction of a group algebra on another algebra. 

Proposition 3.1.6 (cf. [12, Lemma 3.6]). If the same isomorphism G = G'^ is used 
in both constructions, then = {AGg)^ as fc-algebras. 

Proof. Consider the G-grading on A dehned in Lemma 3.1.5. Since A'^’^ is a defor¬ 
mation of the G-graded multiplication on A, it is clear that it has the same G-grading 
on the underlying vector space structure it shares with A. We dehne a fc-algebra 
homomorphism on G-homogeneous elements by 

(f): A^'^ -E (AGg)^, a E Ag hE- a 9 , (3.1.7) 

and extend by /c-linearity. To see that this is well-dehned, observe that for all g,h E G 
one has 


0 {kGgf^ = (H 0 kGgf^'^ 
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under the diagonal action of G. Since in (3.1.7) one has a E Ag = A^a-^ and g G 
{kGgYC fhe element a® g is indeed invariant in AGg. 

We now check that this map is also a /c-algebra homomorphism. It is enough to 
check for homogeneous elements with respect to the G-grading, therefore suppose that 
a E Ag and b E Ah- Then 

(l){a)(l){h) = {a® g){h® h) = ab® [g h) = jj,{g, h)ab ® gh = (t>{ii{g, h)ab) = 0(a b). 

Dehne a map : {AGg)^ -E A^'^ by ® g) = a on pure tensors (where a E Aghy 
dehnition of the grading). This shows that 0 must be an isomorphism. □ 

We end this section with a remark. 

Remark 3.1.8. The decomposition of A into 1-dimensional /cG-modules makes it 
clear that one can always choose a vector space basis of A such that G acts diagonally 
on it. We will assume from now on that the algebra structure is dehned in terms of 
such a basis, and in particular that the relations of the algebra are written using it. 
The action of G must preserve the relations of A, therefore in a similar manner one 
can choose a basis for the relations on which G acts diagonally - we will assume that 
this holds as well. 

3.1.2 Odesskii’s example as a cocycle twist 

Let us recall Example 1.1.4. For a specihc choice of algebra, this example encompasses 
Odesskii’s example from [47], and it is this situation on which we wish to focus. 

Let G be the Klein-four group (G 2 )^ = (( 71 , ( 72 ) and let A be a 4-dimensional 
Sklyanin algebra over k = C. Consider the action of G on A by N-graded algebra 
automorphisms as described on a set of algebra generators for A in (1.1.1). We note 
that the algebra generators appearing there are not those used in Dehnition 1.1.15. 

To satisfy Hypotheses 3.1.2 we must hx an isomorphism between G and G^. The 
character table of G in (3.1.9) below is labelled to rehect such a choice. 



e 

9i 

92 

9i92 

Xe 

1 

1 

1 

1 

Xgi 

1 

1 

-1 

-1 

Xg2 

1 

-1 

1 

-1 

Xgig2 

1 

-1 

-1 

1 


(3.1.9) 
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The next lemma is a key result, not only in relation to Odesskii’s example, but 
also for our work in §3.3. 

Lemma 3.1.10. Let k be an algebraically closed field with char(A;) ^ 2. Consider the 
2 -cocycle fj, dehned by 

Mgl 9[9'2) ■= for allp,g,r,s e {0,1}, (3.1.11) 

the action of G on kG^ dehned in §3.1.1 and that on M 2 {k) described in (1.1.2). Then 
there exists an isomorphism of /c-algebras 0 : —)■ M 2 {k) such that 

4>{{kG^)^^) = M2{kYT (3.1.12) 



The remaining verihcations are similar and we omit them. Since the two algebras are 
4-dimensional over k and the matrices in (3.1.13) are linearly independent, 0 must be 
an isomorphism. 

Recall the action of G on /cG^, which was dehned by := Xg{h)g for all g,h E G. 
Under this action the isotypic component of /cG^ corresponding to Xg is spanned by 
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g. Thus, to complete the proof we must check that ((){g) spans M 2 {k)^^ for all g E G. 
Once again, we omit some of the necessary calculations but give an example to show 
how to £11 in the details. 

To see that 0((7i) belongs to note that 



Thus gi fixes 4>{gi) while the other two non-identity elements of G act by the scalar 
-1. But this implies precisely what we wanted to show: (j){gi) belongs to M 2 (/i;)^®i. 
Repeating such calculations for each element of the group implies that 0 respects the 
isotypic decompositions of kG^ and M 2 {k). □ 

Remark 3.1.15. The 2-cocycle fi used in Lemma 3.1.10 is cohomologous to the one 
which will be used in Lemma 3.1.17. Althongh we did not prove that /i is a 2-cocycle, 
one can adapt the proof of Lemma 3.1.17 easily. 

We can now prove the main resnlt in this section. 

Proposition 3.1.16. Consider Odesskii’s example from [47, Introduction]: A is a 
4-dimensional Sklyanin algebra for which the Klein fonr-group G acts on M 2 (A) by al¬ 
gebra antomorphisms. The invariant ring under this action, M 2 {A)^, can be expressed 
as a cocycle twist A^’'^ for some 2-cocycle /i. 

Proof. As discussed at the beginning of §3.1.2, the example from [47, Introduction] is 
described in Example 1.1.4 when A is chosen to be a 4-dimensional Sklyanin algebra. 
Under this assnmption, we wish to study the algebra (A 0^, M 2 {k))^, where G acts 
diagonally on the tensor prodnct. 

By Lemma 3.1.10, kG^j, = M 2 {k) as a /c-algebra, and moreover this isomorphism 
respects the action of G on these algebras; the action on kG^ is that defined in §3.1.1, 
while the action on M 2 {k) is defined in (1.1.2). The result follows from these observa¬ 
tions npon considering the invariant construction of cocycle twists from §3.1.1. □ 
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3.1.3 Zhang twists as cocycle twists 

We recall the definition of Zhang twists given in Proposition 2.2.16. It will now be 
shown that — as a partial converse to Theorem 2.2.19 — some Zhang twists can be 
formulated as cocycle twists. 

To do this we require a 2-cocycle of (C„)^ for any n > 2, with such 2-cocycles 
being described in the following lemma. When n = 2 the 2-cocycle we construct is 
cohomologous to that appearing in Odesskii’s example in §3.1.2. 

Lemma 3.1.17. Fix an integer n >2 and an algebracially closed field k of character¬ 
istic coprime to n. For G = (C„)^ = {gi,g 2 ) and a primitive n’th root of unity X E k, 
the function 


Tisigt g[g2) = all p, f -s e {o, i,..., n - i}, (3.1.18) 

defines a 2-cocycle over G. 

Proof. We must check the conditions in Definition 2.2.1. First, note that g, certainly 
satisfies (2.2.3), thus we only give the necessary calculations to check that (2.2.2) is 
satisfied. Consider elements g,h,l E G of the form g = g^g^, h = g^g^ and / = g\g 2 
for some p, q,r, s,t,u E {0,1,.. ., n — 1}. We verify that 

g(h,l)i4a,hl) = = A’^+^'+'A 

This means that g satisfies (2.2.2) and therefore is a 2-cocycle. □ 

We also need the following lemma, which shows that if the action of G on A 
preserves a grading on A unrelated to the induced G-grading, then the twist A^'^ will 
also possess the additional grading. This result will be useful to us primarily when 
the extra grading is an N-grading, although it will also be used in §6.2 in relation to 
Z^-gradings. 

Lemma 3.1.19. Suppose that A has a i7-grading for some group H and that a finite 
abelian group G acts on A by iP-graded algebra automorphisms. Then any cocycle 
twist A^’'^ will admit the same FT-grading as A on their shared underlying vector space 


structure. 
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Proof. We must show that for all hi,h 2 E H and homogeneous elements x G Ah^ and 
y G Ah^ one has x *^y E since then A^^^ ■ A^’^ C As G acts on A by 

hf-graded algebra automorphisms, one can apply Maschke’s theorem to the hf-graded 
components of A under the action of G. This allows us to further assume that x and 
y are homogeneous with respect to the G-grading, thus x G Ag^ and y G Ag.^ for some 
gi,g 2 ^ G. Then 

x*i,y = g2)xy G Ah^h^, 

which completes the proof. □ 

Remark 3.1.20. One interpretation of this lemma is that the action of G induces 
a (G, R)-bigrading on A; the induced G-grading is compatible with the pre-existing 
R-grading. To apply Lemma 3.1.19 under Hypotheses 3.1.2, one can consider an 
N-grading as a Z-grading whose negative components are all zero. 

We now assume until the end of §3.1.3 that A is a c.g. and f.g. algebra, although 
not necessarily in degree 1. 

In the following proposition — which is the main result of §3.1.3 — we consider 
an algebraic twisting system as dehned in Example 2.2.15. 

Proposition 3.1.21. Let 0 be an N-graded algebra automorphism of A which has 
hnite order. Denote the associated twisting system by r = {r„ := 0" : n G N}. Then 
there exists a hnite abelian group G and a 2-cocycle y for which: 

(i) the group G acts on A by N-graded algebra automorphisms; 

(ii) the Zhang twist A^’"^ is isomorphic to A*^’^ as an (N, G)-bigraded /c-algebra. 

Proof. Let G = (G^)^ = {gi,g 2 ) and y be the 2-cocycle of G from Lemma 3.1.17. Our 
aim is to write the Zhang twist as a cocycle twist involving this data. 

Fix a primitive n’th root of unity X E k. Let gi act on A by 0 and g 2 act on 
homogeneous elements by scalar multiplication by A, thus = X^a for all a E A^- 
This extends naturally to an action on the whole of A. These two actions commute 
and combine to give a graded action of G on A. Once we have chosen an isomorphism 
G = G'^, this action will induce an (N, G)-bigrading on A by Lemma 3.1.19 and 
Remark 3.1.20. For 0 < L ?' < n — 1 we will let v i j denote the character for which 

— ’— 5iS2 
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Xgig^^{9l92) = for all 0 < r, s < n — 1. It is an easy check to confirm that this 

dehnes an isomorphism G = . 

To prove the resnlt it suffices to show that the multiplications in the two twists 
are the same on homogeneous elements with respect to the (N, G)-bigrading on A. 
Assume therefore that a G A^^ gPgQ and b G Am 2 ,gigs, for some 0 < p, g, r, s < n — 1 
and 1711,1712 G N. One can assume that q = n — rrii and s = n — 1712 by dehnition 
of the action of g 2 and the chosen isomorphism G = G^. Under the Zhang twist 
multiplication one has 

a*rb = aTmiip) = a(jT~‘^{h) = = Y^ab. 

On the other hand, in the cocycle twist we have the multiplication 

a*t^b = f7{9i9l, 9[92)(ib = Y^'ab. 

Thus = A^'^ as (N, G)-bigraded /c-algebras. □ 

Proposition 3.1.21 says that A*^'^ is a Zhang twist of both the N- and G-graded 
structures on A. Thus by Theorem 2.2.18 there are equivalences of categories 

GrMod(A*^’^) ~ GrMod(A) and GrModG'(A*^’^) ~ GrModG'(A). 

Henceforth we will primarily use the notation A^'^ for a cocycle twist. On occa¬ 
sions we will write for a cocycle twist if we wish to emphasise the invariant 

construction. Having two different constructions of the twist will be advantageous, 
since in some places it will be preferable to use one instead of the other. 

3.1.4 Twisting the G-grading by an automorphism 

In this section we illustrate how seemingly different actions can give rise to isomorphic 
twists. 

We begin with a lemma which relates the action of a group automorphism on two 
different objects; on the graded structure of an algebra and on a 2-cocycle over the 
group. Such actions are presumably well-known, but we have not been able to hnd a 
reference. 
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Lemma 3.1.22. Let G be a finite abelian group and A = ^ G-graded 

/c-algebra. For a group automorphism a one can define a new G-grading on A by 
:= where Bg = A„(g). Moreover, for a 2-cocycle jj, the cocycle twist 

(Ao-, is isomorphic as a /c-algebra to (A, *^(^- 1 )), where is the 2-cocycle 

defined by 

h) ■■= cr“^(h)), (3.1.23) 

for all g,h E G. 

Proof. Since a is a group automorphism it follows that the decomposition A^^ 
is a G-grading and that as defined in (3.1.23) is a 2-cocycle of G. 

In the twist (A^r, *g) consider homogeneous elements a E Bg and b E Bh- Under 
the graded structure in (A, *^(^- 1 )) one has a E ^o-(g) and b E A^^^y Writing the 
multiplication of a and b in (A^-, *g) gives 

a *gb = fi{g,h)ab = ^\(7{g),a{h))ab. (3.1.24) 

Notice that the right-hand side of (3.1.24) is precisely the multiplication b in 

(A, *^(^- 1 )). This is sufficient to complete the proof. □ 

We will use Lemma 3.1.22 in combination with Proposition 2.2.11 in §4.1.1, where 
cocycle twists related to different gradings are shown to be isomorphic. 

We now show that the choice of isomorphism G = G^ is not totally benign, but 
that its consequences can be explained using Lemma 3.1.22. Let us use the notation 
{A, 0, /i) for a triple consisting of an algebra, an isomorphism G —)■ G^, and a 2-cocycle 
respectively. When G acts on A by algebra automorphisms each such triple can be 
naturally associated to a cocycle twist. 

Proposition 3.1.25. Let G act on A by algebra automorphisms. Let 0 and p be 
isomorphisms G = G'^ and /x be a 2-cocycle. Then there exists an automorphism 
of G, r say, such that the cocycle twists corresponding to the triples (A, 0, p) and 
{A, p, pO L) Qj-Q isomorphic as /c-algebras. 

Proof. Given 0, we will identify p with an automorphism of G as follows. Firstly, 
there exists an automorphism 0 : G^ —)■ G^ such that 0 = 0 o p. Suppose we have an 
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element x E Ag, where the grading is determined under the duality given by (j). This 
means that for all h E G, 

x'" = (j)ig)~^ih)x = i}{p{g))-^{h)x. 

Since all maps involved are isomorphisms, for aX\ g E G there exists kg E G such 
that 'ip{p{g)) = p{kg). We claim that the map r : g ^ kg dehnes an isomorphism of 
G. To see this, note that for all g,h E G one has 

p{kgh) = i’ipigh)) = i^{p{g))i^{p{h)) = p{kg)p{kh). 

As p and ip and are isomorphisms, it follows that r is a homomorphism and bijective 
as claimed. Under the duality isomorphism p one has x E A^.^, since 

= ip{p{g))-\h)x = p{kg)~\h)x, (3.1.26) 


for all h E G. 

We are now in a position to show that for homogeneous elements the two twists 
give the same multiplication, from which the result follows. Suppose that x E Ag and 
y E Ah for some g,h E G under the duality given by <p. Thus x *g,y = p(g, h)xy in 
{A,<p,p). Under the duality given by p one has x E A^g by (3.1.26), and in a similar 
manner y E Ak^. Thus in {A,p,p^'^ ^^) the multiplication is 

y = '\kg,kh)xy = p{T~\kg),T~\kh))xy = p{g,h)xy, 

which completes the proof. □ 

3.2 Preservation of properties 

In this section we prove that many properties are preserved by the twists dehned in 
§3.1. A table giving a summary of our results can be found in Appendix C. We 
begin with some basic results and then prove Proposition 3.2.7, which allows us to 
use faithful flatness arguments; these will be our main tools when dealing with more 
advanced properties such as AS-regularity in §3.2.1. 

Most results will use either Hypotheses 3.1.1 or Hypotheses 3.1.2, with this being 
made clear in the statement of each result. Under the former, more general hypotheses. 
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the fact that a cocycle twist can be formulated as a Zhang twist means that certain 
properties are preserved under twisting, as we saw in Proposition 1.1.9. However, the 
stronger results from [76] in this vein are only valid when the grading being twisted is 
an N-grading, and this only occurs as a degenerate case for us (see Proposition 3.1.21). 

Our hrst result is a useful lemma regarding the behaviour of regular and normal 
elements under a twist. Although this result is not stated explicitly in [76], its proof is 
essentially contained in the proof of Proposition 2.2(1) op. cit.. Nevertheless, since it 
will be used several times later in the thesis we state it in a manner that will be most 
useful for our purposes and give a proof. 

Before stating it we make the following dehnition: an element a G A is right regular 
if whenever a6 = 0 for some b E A, then 6 = 0. There is an analogous dehnition for 
being left regular, with a regular element satisfying both conditions. 

Lemma 3.2.1 ([76, cf. Proposition 2.2(1)]). Assume Hypotheses 3.1.1. Any element 
a E A that is homogeneous with respect to the G-grading is regular (normal) in A if 
and only if it is regular (normal) in A^’^. 

Proof. Suppose that a E Ag is regular in A, but not in There must exist some 

b E A^'^ such that a 6 = 0. We can further assume that b is homogeneous with 
respect to the G-grading on A. However, this implies that fi{g, h)ab = 0 for some 
h E G hj dehnition of the new multiplication, which contradicts the regularity of a in 
A. The proof of the other direction is identical. 

An element a E Ag is normal if and only if for all G-homogeneous elements b E A^ 
we have ba = ab' for some b' E Ah. The latter statement is equivalent to b a = 
twist, i.e. a is normal with respect to the new multiplication also. □ 

We now prove a lemma concerning the behaviour of G-graded ideals under a cocycle 
twist. 

Lemma 3.2.2. Assume Hypotheses 3.1.1. Let / be a G-graded ideal of A, with a 
homogeneous generating set {fi}i(£i. Then I remains an ideal in A*^’^, and moreover 
it is still generated by {fi}i£i with respect to the new multiplication. 

Proof. That I is still an ideal in the twist is proved in [43, Proposition 3.1(2)]. To 
complete the proof it suffices to deal with the case that / = (/) for some homogeneous 
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element / G Ag. Suppose that a E A with homogeneous decomposition a = 
One has 



which proves the result. □ 

Remark 3.2.3. It is clear from the proof of Lemma 3.2.2 that the statement is also 
true for one-sided ideals. 

Our next result is related to a remark in [47] in which Odesskii asserts that the 
algebra in his example — which we studied in §3.1.2 — has the same Hilbert series 
as the 4-dimensional Sklyanin algebra of which it is a twist. We state our result for 
general cocycle twists. 

Lemma 3.2.4. Assume Hypotheses 3.1.2. Then the Hilbert series of A is preserved 
under twisting, that is HAif) = HAG,^{t). 

Proof. By Lemma 3.1.19, A^'^ possesses the same N-graded structure as A, thus the 
dimensions of the graded components are the same for both. □ 

The following result of Montgomery is particularly useful in the graded context of 
our examples, although it holds under more general hypotheses. 

Lemma 3.2.5 ([43, cf. Proposition 3.1(1)]). Assume Hypotheses 3.1.1. Then A is f.g. 
as a /c-algebra if and only if A^’^ is too. 

Remark 3.2.6. By consulting the proof of this result in [43], one can see that a 
generating set for A^'^ can be obtained as follows: take a generating set of A and hnd 
a vector space V which contains this generating set and is preserved by the action 
of G. Then A^'^ will be generated by V under the new multiplication on the shared 
underlying vector space. 

In most of our examples we will assume that, in addition to Hypotheses 3.1.2, A 
is a c.g. algebra that is generated in degree 1. In that case we can conclude using 
Lemma 3.2.5 that A^'^ is also generated in degree 1. A basis of V which generates 
both A and A^'^ as algebras (under their respective multiplications) and on which G 
acts diagonally will be called a diagonal basis. 
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In the next proposition — which will be crucial for our subsequent results — it will 
be useful to consider the invariant construction of the twist. While its consequences 
regarding faithful flatness are used in many results, its information on bimodule struc¬ 
tures is particularly useful in relation to global dimension (see Proposition 3.2.18). 

Before stating the result, we recall the concept of twisting a module by an au¬ 
tomorphism. Let A be an algebra and 0 be an algebra automorphism. For a right 
A-module M, one can dehne a new right A-module through the multiplication 
m*(f) a = m(j){a) for all a G A, m G M. This can be recovered from Dehnition 2.2.17 
by using a trivial grading. 

One can twist both sides of an {A, yl)-bimodule in this manner simultaneously. 
Suppose that A is graded and aMa is a graded bimodule that is free of rank 1 on both 
sides. By considering the action of homogeneous elements on the left free generator 
m, we can see that a ■ m = m ■ (f){a) for all a G An, where 0 is some N-graded 
algebra automorphism. Such a bimodule therefore has the form that is, an 

{A, yl)-bimodule that is twisted on one side. 

Proposition 3.2.7. Assume Hypotheses 3.1.1. As an A'^’^)-bimodule there is 

a decomposition 

AG^ ^ 0 ^ 

g€G 

for some automorphisms 0^ of A^'^, with 0e = id. Each summand is free of rank 1 as 
a left and right A'^’^-module. Consequently, is a faithfully flat extension of A^’^ 
on both the left and the right. Similarly, ^(AG^) and (AG^)a are free modules of 
hnite rank, thus AG^ is a faithfully flat extension of A on both the left and the right. 


Proof. We will proceed as in the proof of the main theorem of [57]. Let AG^ = 
be the isotypic decomposition of AG^ under the action of G. Observe 
that A*^’^ = and = M^sh for all g,h G G, since G acts by algebra 

automorphisms. This means that each isotypic component has an (A*^’^, A^’^)- 
bimodule structure. 

The isotypic component contains the element 1 0 5 ^. An arbitrary element in 


this component is a sum of pure tensors of the form a0/i for some a G Ag-i^ = A^s'* ^. 
Thus a 0 g~^h G A^'^ and therefore 


a® h = 


a® g 

T{9~^h,g) 


{l®g) = {l®g) 


a® g 
T{9,9~^h) 
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Thus is cyclic as a left or a right A'^’^-module. Note that 1 0 5 ^ is regular in AG, 
therefore by Lemma 3.2.1 it is also regular in AGf^. This proves that is a free 
yl'^’^-module of rank 1 on both the left and the right. 

By the discussion prior to the statement of the proposition, we know that the 
bimodule generated by lOg is isomorphic to for some algebra automorphism 

(f)g. To describe 0^ it suffices to look at the left action of a homogeneous element in 
on 1 C) g, which can be taken to be a free generator for the left A'^’^-module 
structure. Consider a homogeneous element a 0 h G A^'^. One has 


(a 0 h) • (1 0 5 f) = jjiih, g)a ®hg = {l®g)- 


L{.h,g) 

fi{g,h) 


(a 0 h). 


Dehne a map (j)g : A^’^ —)■ A^’^ by a 0 h 1 —)■ (a 0 h) on homogeneous elements 

and extending /c-linearly. To see that this is a G-graded automorphism, consider 
homogeneous elements a 0 h G A^'^ and b I E Af'^. Then 


(f)g{a 0 h)(f)g{h 0 /) 


T{h,g)n{l,g)n{h,l) 

T{9,h)^i{g,l) 


{ab 0 hi). 


(3.2.9) 


On the other hand one can use (2.2.2) to see that 


(j)g{g,{h, l){ab®hl)) 


fi{hl,g)fi{h,l) 

H{g,hl) 


{ab®hl) 


h{h,lg)ii{l,g)ii{h,l) 

h{ 9 ,h)fi{gh,l) 


{abOhl). (3.2.10) 


Observe that which follows from G being abelian together with another 

use of (2.2.2). Substituting this expression into (3.2.10) produces the expression in 
(3.2.9). It is clear that (j)g is injective, therefore it must be a G-graded automorphism 
of A^'^^ as claimed. 


The result is trivial for A by the dehnition of AGg. 


□ 


We now state the dehnition of a property which generalises that of being strongly 
noetherian, which was dehned in Dehnition 2.1.12. 


Definition 3.2.11 ([4, §4]). Let A be a noetherian i?-algebra. A is universally noethe¬ 
rian if for any i?-algebras R' the following conditions are satished: 


(i) if R' is right noetherian then so is A C)r R'', 

(ii) if R' is left noetherian then so is A 0 ^ R'. 
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One can replace the word universal in the following corollary with strongly — or 
indeed omit it completely — without changing the veracity of the statement. It is a 
generalisation (in some sense) of [43, Proposition 3.1(3)], where the preservation of 
being noetherian is proved in the Hopf algebra setting (see [76, Proposition 5.1] also). 

Corollary 3.2.12. Assume Hypotheses 3.1.1. Then A is universally noetherian if and 
only if is. 

Proof. We make no distinction between left and right since the proof is identical. 
Assume that A is universally noetherian. Then is a f.g. A-module by the proof of 
Proposition 3.2.7, hence by [4, Proposition 4.1(la)] AG^ is also universally noetherian. 
Using Proposition 3.2.7 again, the extension A*^’^ ^ AG^ is faithfully flat on both 
sides, therefore we can apply [4, Proposition 4.1 (2a)] to reach the desired conclusion. 

In the other direction we can use the same argument but with AG^ replaced with 
A^’^G^-i] Proposition 3.2.7 tells us that A'^’^G^-i is a faithfully flat extension of both 
A*^’^ and of A. □ 


3.2.1 AS-regularity 

The aim of this section is to prove that the AS-regular property is preserved under 
cocycle twists. As was discussed in §2.1, this property is very important in relation to 
a geometric theory of noncommutative algebras. Before giving its dehnition we must 
hrst dehne the AS-Gorenstein property. 


Definition 3.2.13 ([3, §0]). An algebra A is said to be AS-Gorenstein (of global 
dimension d) if it is connected graded and satishes the condition 


Ext\{k,A) 


k il i = d, 
0 ii i ^ d, 


when k and A are considered as left N-graded A-modules. 


One can calculate this particular Ext group in either Mod(A) or in GrMod(A); 
since A and k are f.g. modules, the discussion in [34, §1.4] shows that the two Ext 
groups in question are the same. 

We can now give the dehnition of an AS-regular algebra. 
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Definition 3.2.14 ([3, §0]). Let d eN. A connected graded /c-algebra A is said to be 
AS-regular of dimension d if the following conditions are satisfied: 

(i) A has finite GK dimension; 

(ii) gldim A = d; 

(in) A is AS-Gorenstein. 

Remark 3.2.15. Note that condition (ii) means that the left and right global dimen¬ 
sions of A agree and equal d (see Definition 1.2.10). The phrase A has finite global 
dimension’ will therefore be used to encapsulate this. 

Under Hypotheses 3.1.2, Proposition 3.2.4 implies that A and have the same 
Hilbert series. In particular, this means that their GK dimensions are equal. Whilst 
we will mostly be concerned with N-graded algebras in this section, we can prove that 
condition (i) of Definition 3.2.14 is preserved in the ungraded case, where one does not 
have recourse to Hilbert series arguments. 

Proposition 3.2.16. Under Hypotheses 3.1.1, GKdim A = GKdim A^’^. 

Proof. By Proposition 3.2.7, AG^ is a f.g. module over A and A^'^ on both sides. 
Applying [30, Proposition 5.5] twice, first to A C AG^, then A*^’^ C AG^, proves the 
result. □ 

Let us move on to global dimension. For the purposes of this section, we only need 
to show that finite global dimension is preserved under cocycle twists. However, we 
will prove the more general result that left and right global dimension are preserved, 
regardless of whether they are equal or not. The algebras we will consider are all 
noetherian, in which case left and right global dimensions coincide [40, §7.1.11]. 

We will need the following technical result to compare the global dimension of A^’^ 
with that of the twisted group algebra AG^. There is an analogous version for left 
modules. 

Theorem 3.2.17 ([40, Theorem 7.2.8(i)]). Let R, S be rings with R C S such that R 
is an {R, i7)-bimodule direct summand of S. Then 


rgldim R < rgldim S + pdim Sr. 
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Without further ado, we show that left and right global dimension are preserved 
under cocycle twists. 

Proposition 3.2.18. Assume Hypotheses 3.1.1. One has rgldim A = rgldim A'^’^ 
and Igldim A = Igldim A'^’^. 

Proof. We will give the proof for right global dimension, from which a left-sided proof 
can easily be derived. Recall from §2.2.3 that has the structure of a crossed 

product. We can therefore apply [40, Theorem 7.5.6(iii)] to conclude that rgldim A = 
rgldim AG^. By Proposition 3.2.7 we know that is an (A*^’^, A'^’^)-bimodule 
direct summand of AG^. We may therefore apply Theorem 3.2.17, which tells us that 

rgldim A^’^ < rgldim AG^ -|- pdim (AG^)^g,m = rgldim AG^. (3.2.19) 

Here pdim (AG^)^g,m = 0 since the module is free by Proposition 3.2.7. We have 
proved that rgldim A'^’^ < rgldim A. 

Now we repeat the argument with the roles of A and A^’^ reversed, considering 
them as subrings of A'^’^G^-i. One obtains the opposite inequality, which proves the 
result. □ 

We have addressed two of the conditions necessary to be AS-regular without any 
assumption regarding an N-grading. However, we must now assume that A is c.g. and 
that G acts by N-graded algebra automorphisms. 

Our main tool for criterion (iii) in Dehnition 3.2.14 will be a result of Brown and 
Levasseur for left modules. We also state a version of their result for right modules 
which can be proved in an analogous manner. 

Proposition 3.2.20 ([15, cf. Proposition 1.6]). Let R and S be rings and i? —)■ S' a 
ring homomorphism such that S is flat as a left and right i?-module. 

(i) Let X be an {R, R)-bimodule such that the (i?, S')-bimodule X <S)rS is an (S', S)- 
bimodule. Then for every f.g. left i?-module M and alH > 0, there are isomor¬ 
phisms of right S'-modules, 

Ext)^(M, X)(^rS^ Ext*s(^ (^R M, X(^rS). 
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(ii) Similarly, suppose that X is an {R, i?)-bimodule such that the (S', -R)-bimodule 
S Or X is an (S', S')-bimodule. Then for every f.g. right i?-module M and all 
i > 0, there are isomorphisms of left S'-modules, 

S Or Ext*K(M, X) = Ext*5(M Or S, S Or X). 


Remark 3.2.21. For some of our applications of Proposition 3.2.20 we will take 
R = X. In that case X Or S' = S' as an (i?, S')-bimodule, from which X Or S inherits 
a natural (S', S')-bimodule structure. 

Before stating the result regarding the AS-Gorenstein property, we need a prelim¬ 
inary lemma. 

Lemma 3.2.22. In addition to Hypotheses 3.1.2, assume that A is a c.g. algebra. As 
right AG/^-modules we have isomorphisms 

k <8)^1 AGfj, = k AGfj, = kG^. 

As left AG^-modules we have isomorphisms 


AG^ k — AG^ k — kG 


Proof. Under the N-grading on one has A>i ■ AG^ = (AG^)>i. Thus 

AG 


A AG 

k Oa AG a = Oa AGu = ^ 




= kn 

A>i-AG^ (AG^)>i 

To complete the proof we must hrst show that the following equality holds: 


(A*^’^)^! • AG^ — (AG^)>i. 


(3.2.23) 


Clearly (A*^’^)^! ■ AG^^ C (AG^)>i. To prove the opposite inclusion, observe that the 
action of G on AG^ in (3.1.4) respects its N-graded structure under our hypotheses. 
Remark 3.1.20 then tells us that AG^ is endowed with an (N, G)-bigrading. By lin¬ 
earity it therefore suffices to consider a bihomogeneous element aO g E {AG^)(n,h) for 
some g,h G G and integer n > 1. Then a O gh~^ G (AG^)(„^e) C A^f, and thus 


aOgh )(lOh) = aOg, 


li{gh i,/i) 

which proves that (A*^’ ^)>i • AG^ O (AG^)>i. One can then use (3.2.23) to see that 


k AGu = 




Oao,. AG. ^ 


AG, 


AG, 


{AP^)>, ^ • AG^ (AG^)>i 

We omit the proof of the statement for left AG^-modules. 


^ kG, 


□ 
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This lemma can be interpreted as saying that nnder the (N, G)-bigrading on AGfj_, 
the snbalgebra consisting of elements that have degree zero is the twisted gronp algebra 
kG,. 

Proposition 3.2.24. Assnme in addition to Hypotheses 3.1.2 that H is a c.g. algebra. 
Then A is AS-Gorenstein of global dimension d if and only if A^'^ shares this property. 


We will give the proof in the only if direction when k and A are considered as left 
A-modules. The proof in the opposite direction is identical by nntwisting, while the 
proof for right modnles is almost identical to that below; the only difference is that it 
reqnires the use of Proposition 3.2.20(ii) rather than part (i) of that result. 

Proof of Proposition 3.2.24. We wish to apply Proposition 3.2.20(i) with R = 
X = A, S = AG^ and M = k. To see that the hypotheses of that result are satished, 
observe that A C AG^ is flat by Proposition 3.2.7 and recall Remark 3.2.21. Applying 
Proposition 3.2.20(i) gives 


Ext\{k, A) Oa AG^ ^ ^ 


^Ext\a,{kG„AG^), (3.2.25) 


by using Lemma 3.2.22. Since A is AS-Gorenstein of global dimension d we know 
that the left hand side is non-zero only for i = d. For this value of i it is equal to 
k AGfj, = kG^ using Lemma 3.2.22 once again. 

We would now like to apply Proposition 3.2.20(i) a second time, using R = X = 
A^'C S = AG^ and M = k. To see that these data satisfy the hypotheses of that 
proposition we may apply the same argument as used earlier in the proof, mutatis 
mutandis. Applying Proposition 3.2.20(i) we obtain 


Ext\G,t,{k, A^'^) AG^, = Exi\Q^{AGfj, k, A^'^ AG^) 

— AG^). 

Gombining the information from (3.2.25) and (3.2.26) gives 


(3.2.26) 


ExTj^G,ii{ki A^’^) 0yiG,M AG^ — 


kG^ if i = d, 
0 ii i ^ d. 


Since A^’^ C AG^ is a faithfully flat extension on the left, Ext)^G,M(^; A*^’^) must 
vanish in all degrees for which i ^ d. When i = d we have 


Ext^G.M(^) A^’^) G)yiG,M AG— kGfj,, 


(3.2.27) 
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as right AG^-modules. 

Recall from §1.2.2 that Ext^G,M(^, is a Z-graded group since k and 
are f.g. N-graded left A'^’^-modules. This Z-grading is compatible with the right 
module structure, in which case the graded module structure on Ext^G,^(A;, allows 
us to complete the proof as follows. One may use the A‘^’^)-bimodule structure 

of AG^ described in Proposition 3.2.7 to see that upon restricting the isomorphism in 
(3.2.27) to one obtains 

0ExtlG,.(A:,7l«’^)'^^ = {kG^)AG,,. 

geG 

By considering the G-graded components of this isomorphism and noting that (pe is 
the identity, one obtains the isomorphism of right A'^’^-modules Ext'^G,iJ.{k, A^’^) = /c, 
which proves the result. □ 

Corollary 3.2.28. Assume in addition to Hypotheses 3.1.2 that A is a c.g. algebra. 
Then A is AS-regnlar if and only if is. Moreover, if A has global and GK dimension 
less than or equal to 4, then A is a domain if and only if A*^’^ is a domain. 

Proof. The statement abont AS-regularity follows from Lemma 3.2.4 and Propositions 
3.2.18 and 3.2.24. The second part of the corollary follows from [8, Theorem 3.9]. □ 

Remark 3.2.29. Remark 5.1.6 will illustrate that being a domain is not preserved 
in general by cocycle twists. This should be expected since cocycle twists are Zhang 
twists by Theorem 2.2.19; such twists preserve being a domain when G is an ordered 
semigronp but not in general (see [76, §5] and Proposition 5.2 op. cit. in particular). 
One should contrast this with Lemma 3.2.1, which shows that regnlar homogeneous 
elements remain regular under twisting. 

3.2.2 The Koszul property 

Our next result will be to show that the Koszul property is preserved under cocycle 
twists. This property is often stndied in relation to quadratic algebras as dehned in 
Dehnition 1.2.4, although it can be defined for more general algebras too. Whilst we 
will cite [13] for any dehnitions, we suggest [29] as a good introduction to the subject. 

Recall from §1.2.2 that for M,N G grmod(A) the cohomology group Ext\{M, N) 
is Z-graded. We use this idea to dehne a Koszul algebra. 
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Definition 3.2.30 ([13, cf. Proposition 2.1.3]). A c.g. /c-algebra is Koszul if and only 
if for alH > 0 the Z-graded components of E'x.i\{k, k) vanish in all degrees other than 
degree i. 

Proposition 3.2.31. In addition to Hypotheses 3.1.2 assume that A is a quadratic 
algebra over k. Then A is Koszul if and only A^'^ is. 

Proof. We wish to apply Proposition 3.2.20(i) with R = A, S = AG^, X = ^kA and 
M = Ak. To do so we must check that the hypotheses of that result are satisfied. 
Observe that A C is fiat by Proposition 3.2.7, while X S = kG^ by Lemma 
3.2.22, whence it has a natural {AG^, AG/i)-bimodule structure. We may therefore 
apply Proposition 3.2.20(i), in which case one has 

Ext\{k, k) 0A AG^ = Ext\Q^{AGf, ^a k, k ®a AG^f) ^ 

Note that Lemma 3.2.22 has been used to pass from the first line of (3.2.32) to the 
second. 

Now set R = S = AG^^, X = and M = A^.i^k. One can use the 

same argument as earlier in the proof, mutatis mutandis, to see that these data also 
satisfy the hypotheses of Proposition 3.2.20(i). Applying that result we obtain 

Ext\G,,.{k, k) ®ag,i^ AGn = Ext\Q {AG a ®ag,i^ k, k ^AG,t^ AG A 

(3.2.33) 

^Ext\a,{kG„kG,), 

where we have used Lemma 3.2.22 once again. 

The Z-grading on Ext\{k, k) and Ext)^G,M {k, k) is compatible with their right A- and 
A'^’^-module structures respectively. Thus the tensor products Ext\{k.i k) ®aAG^ and 
Ext\G,^{k,k) 0^g,m AG^ are naturally Z-graded right AG^-modules. The Z-grading 
on the cohomology group Ext)^Q^(A;G^,/cG^) is also compatible with its right AG^- 
module structure. Moreover, one can see from the proof of Proposition 3.2.20(i) (from 
[15, Proposition 1.6]) that the isomorphisms in (3.2.32) and (3.2.33) respect these 
Z-graded structures. We may therefore conclude that there is an isomorphism 

Ext\{k, k) AG^ = Ext\G,p.{k, k) ®AG,t^ AG^ (3.2.34) 


of Z-graded right AG^-modules. 
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Using the free module structures of a^AG^j) and described in Proposition 

3.2.7, we may express the isomorphism in (3.2.34) as 

^Ext\{k,k) ^ ^Ext\GAk,k), (3.2.35) 

|G| |G| 

at the level of vector spaces. Furthermore, since AGfj, is an N-graded left module over 
A and over A'^’^, the isomorphism in (3.2.35) respects the Z-graded structure. 

Since A is Koszul, we know that the Z-graded components of the left hand side of 
(3.2.35) vanish in all degrees other than degree i. It follows that Ext\G,^L{k, k) must 
also vanish in all degrees other than degree i, hence A'^’^ must be Koszul. □ 

Let us now dehne the Koszul dual of a c.g. algebra with quadratic relations. 

Definition 3.2.36 ([13, cf. Dehnition 2.8.1]). Let A = T{V)/{R) be a quadratic 
algebra over k. The Koszul dual of A is the /c-algebra A!' := T{V*)/{R-^). Here 
R± (^y* is the space of functions which vanish on the quadratic relations of A. 

If a; G U then we will denote by x the element in V* that vanishes away from the 
1-dimensional space spanned by x and for which x{x) = 1. 

Our next aim is to show that taking the Koszul dual of an algebra and applying 
a cocycle twist almost commute with each other. To achieve this aim we first need 
to dehne a graded action of G on the Koszul dual given a graded action on A. Such 
an action can be dehned on generators by x^ = x^ for dX\ g & G and x E V*. This 
action induces a G-grading on H' in the manner of §3.1.1; we claim that iix E Ag then 
X E A^g. Indeed, observe that for all h G G we have x^ = x^ = Xg-^{h)x. 

We are now in a position to prove the result. 

Proposition 3.2.37. In addition to Hypotheses 3.1.2, assume that H is a quadratic 
algebra over k that is Koszul. Then there is an isomorphism of /c-algebras 

(^!)G,m-i ^ (3.2.38) 

Proof. We hrst hx our notation. Let V = span^(a;o,..., Xn) be a diagonal basis of 
generators of A, where Xi E Ag^ for some Qi E G. We will denote the generators of the 
other algebras involved by 

(H-,^), ((H')^’^”\l/i), {A^'>^,Vi), and ((H^’^)',T"). 
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Although twists have the same underlying vector space structure, the new genera¬ 
tors allow us to write the twisted multiplication by juxtaposition. Thus 


ViVj Xi and HiHj Xi i Xj 


h'(fl'i) 9j) 


XiXj. (3.2.39) 


Consider the map (p : ^ sending Vi. Note that 


ViVj{VkVi) = 


1 if (/c,/) = (bi), 

0 otherwise. 


One can regard elements of both (A')*^’^ ^ and (A*^’^)' as functions on the underlying 
vector space of A by untangling the twists involved. Using (3.2.39) we can interpret 


ViVj as follows: 


ViVj{XkXi) = < 

0 


if {k,l) = 
otherwise. 


By (3.2.39) one can also conclude that tyuj = = ViUj- This expression 

implies that the relations in both (A')*^’^ ^ and (A*^’^)' are controlled by those in A', 
therefore (p is both well-defined and a surjection. 

Since A is Koszul, the Hilbert series of A' depends only on the Hilbert series of A; 
the precise relationship between their Hilbert series was first given in [20, §4, Theorem]. 
By Proposition 3.2.31 the same is true of the Hilbert series of (A*^’^)' in relation to 
that of In combination with Lemma 3.2.4, this shows that the two algebras 

in (3.2.38) must have the same Hilbert series. Thus the map we have defined is an 
isomorphism, which completes the proof. □ 

For an application of this proposition, see §5.4. 


3.2.3 The Cohen-Macaulay property and Auslander regular¬ 
ity 

In this section we will prove that several more homological properties of rings are 
preserved under cocycle twists. Their definitions can be stated in the graded situation, 
however we state them — and prove their preservation — in full generality. 

The definitions that follow can all be found in [35, §1.2]. The first concept that we 
need is the notion of the grade of a module. The grade of a f.g. left or right A-module 
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M is defined to be the value 

]a{M) = inf{i : A) ^ 0} G N U {+oo}. 

Definition 3.2.40. A ring A is said to satisfy the Cohen-Macaulay property or be 
Cohen-Macaulay if for all non-zero f.g. A-modules M, one has 

GKdim M + JaW = GKdim A. 

The Auslander condition also uses the notion of the grade of a module; it is satished 
by ring A if for every f.g. left or right module M, all i > 0 and every A-submodule N 
of Ext^(M, A), one has Ja^N) > i. 

Definition 3.2.41. A ring A is said to be Auslander-Gorenstein if in addition to 
satisfying the Auslander condition it has hnite left and right injective dimension. It 
is said to be Auslander regular if in addition to satisfying the Auslander condition it 
has hnite global dimension. 

Before proceeding, recall that Remark 3.2.15 applies to our usage of the phrase 
hnite global dimension. 

The following result shows that the properties dehned in Dehnitions 3.2.40 and 
3.2.41 are preserved under a cocycle twist. 

Proposition 3.2.42. In addition to Hypotheses 3.1.1, assume that A is noetherian. 
Then A has one of the following properties if and only if A^’^ does as well; 

(i) it is Gohen-Macaulay; 

(ii) it is Auslander-Gorenstein; 

(iii) it is Auslander regular. 

Proof, (i) Assume that A is Gohen-Macaulay. We hrst show that AG^ shares this 
property. As we saw in Proposition 3.2.16, GKdim A = GKdim AG^ = GKdim A*^’^. 
Let M be a f.g right AG^-module. It must also be f.g. as an A-module since the 
extension A C AG^ is hnite by Proposition 3.2.7. By [1, Lemma 5.4] it is clear that 
the grades of Mag^ and Ma are equal. One can then apply [37, Lemma 1.6] to conclude 
that GKdim Mag,, = GKdim Ma- Piecing this together, we hnd that 

GKdim Mag,, + jAGf,{M) = GKdim Ma + jA{M) = GKdim A 

= GKdim AG^, 


(3.2.43) 
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and therefore AG^j, is Cohen-Macaulay. 

Now let M be a f.g. right A'^’^-module. By applying Proposition 3.2.20(ii) with 
R = X = A^'^ and S = AG^ we obtain 

AG^ Ext^G.M (-^) A^’^^ = Exli^Q^ (iff (S)ag,i^ AGAG . (3.2.44) 

When combined with faithfnl flatness of the extension A^'^^ C AG^ (by Proposition 
3.2.7), this implies that 

jAG,^{M) = Jag®AG, t^ AG^). 

If we can show that GKdim Mag,ii = GKdim (M Oag,i^ AG^)ag^ then the resnlt 
follows from an equality like that in (3.2.43). By faithful flatness of the extension 
A^'f^ C AGf,, M is contained in M ^AG,t^ AG^. Therefore by the dehnition of GK 
dimension one has 


GKdim Mag,ii. < GKdim [M ®ag,i^ AG^)ag,p.. (3.2.45) 

By [30, Proposition 5.6] one has the inequality 

GKdim Mag,i^ > GKdim {M <Yiag,i^ AG^)ag^- (3.2.46) 

Applying [37, Lemma 1.6] to M C)ag,i^ AG^ allows one to combine the inequalities 
in (3.2.45) and (3.2.46), from which the preservation of the Gohen-Macaulay property 
under cocycle twists follows. 

(ii) Using [75, Proposition 3.9(i)] one can see that if A satishes the Auslander 
condition then so must AGfj,. The twist then satishes the Auslander condition by 
[68, Theorem 2.2(iv)], since the only hypothesis needed is that the extension be hat - 
this is true by Proposition 3.2.7. 

It remains to show that hnite left and right injective dimension are preserved. 
Gonsider the G-grading on AGfj, for which {AGn)g = AO g for all g & G. Under this 
grading AG^ is a strongly G-graded ring, thus one can apply [45, Gorollary 2.7] with 
R = N = AGg and a = e. That result implies that 

idim AG^AGg = idim (AG^),(AG^)e = idim aA. 


A right-sided analogue of Nastasescu’s result shows that the same is also true for right 
injective dimension. 
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Now consider the G-grading on AG^ under which {AG^^g = 0 g) for all 

g E G. This G-grading is induced by the diagonal action of G on AGg. It is clear that 
AGg is a strongly G-graded ring under this grading as well. One can therefore apply 
[45, Corollary 2.7] with this new G-grading on i? = iV = AG^, together with a = e, 
to see that 

idim AG^AGg = idim (AG^,)ei^Gg)e = idim 

An analogous argument, used in conjunction with a right-sided analogue of the corol¬ 
lary of Nastasescu, proves that AG^ and A'^’^ also have equal right injective dimen¬ 
sions. This completes the proof. 

(hi) We saw in the proof of (ii) that the Auslander condition is preserved. One can 
then see from Proposition 3.2.18 that the global dimensions of A and A^’^ are equal, 
which completes the proof. □ 

3.3 Modules under twisting 

In this section we explore the interplay between modules over A and those over a 
cocycle twist A'^’^. Our ultimate aim is to apply the results we obtain to the algebras 
studied in Chapter 4. Let us dehne the hypotheses that we will work under for the 
duration of this section. 

Hypotheses 3.3.1. Let k be an algebraically closed with char(/c) ^ 2. Assume 
that A is a /c-algebra that satishes the hypotheses of Theorem 2.1.26, with degree 1 
generators xo,xi,X 2 and x^. Let G = {gi,g 2 ) be the Klein four-group, which acts on 
A by N-graded algebra automorphisms. Furthermore, assume that the action of G on 
Ai affords the regular representation, inducing the G-grading on generators: 

XQ G Ag, Xl G Agj^, X2 G Ag^f 3^3 G Ag-^g^' (3.3.2) 

Finally, assume that fx is the 2-cocycle of G dehned by fl'ifi'l) = (—1)^"^ for all 

p,q,r,sE {0,1}. 

Recall that kGg = M 2 {k) for the group G and 2-cocycle /i by Lemma 3.1.10. 
Under Hypotheses 3.3.1 one therefore has a cocycle twist A*^’^ that embeds inside 
M 2 (A) = A 0 M 2 {k). The following result describes the generators of the twist under 
this matrix embedding. 
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Lemma 3.3.3. The degree 1 generators of denoted by no, V 2 and ns, are given 
by the following matrices in M 2 (A): 


no = 







(3.3.4) 


Proof. Consider the embedding A^’^ A ® kG^ from Proposition 3.1.6. A homoge¬ 
neous element a; G is sent to x g. An isomorphism kG^ = M 2 {k) was described 
in (3.1.13). By Lemma 3.1.10 this isomorphism respects the isotypic components of 
each algebra under their respective G-actions. One can pair up the generators Xi with 
matrices in (3.1.13) using the grading in (3.3.2). The result follows upon using the 
isomorphism M 2 (A) = A (g) M 2 {k). □ 


Let us now introduce some notation for point modules over A. Under Hypotheses 
3.3.1 one may apply Theorem 2.1.26 to conclude that point modules over A are pa- 
rameterised by the point scheme T C P|. Furthermore, the shifting operation on point 
modules is controlled by a scheme automorphism a. 

We will denote the point module corresponding to a point p = {po,Pi,P 2 ,P 3 ) G T 
by Mp = krrPy For the action of the generators of A on Mp we will use the 

notation • Xi = where aU G k. By standard point module theory one has 

Mp[j]>o = for all j G N. The scalar aU is therefore determined by the (i-l-l)’th 

coordinate of c^ip), thus cTq ^ = Pi for i = 0,1, 2, 3 in particular. 

For a point p G F it is clear that M^ is an N-graded right M 2 (A)-module with 
Hilbert series 2/(1 —t), whose action is given by matrix multiplication on the right. It 
is natural to restrict such a module to the subring whose generators act by the 
matrices in (3.3.4). We can prove the following proposition about such modules. 


Proposition 3.3.5. Suppose that at least three coordinates of p G F are non-zero. 
Then M^ is a fat point module over A*^’^ of multiplicity 2. 

Proof. We must show that M^ is 1-critical and generated in degree 0; let us proceed 
by proving the latter statement. Let N denote the submodule generated by (Mp)o. 
We prove by induction that {Mp)j C N for all j > 0, where the base case j = 0 is 
clear. Suppose that {Mp)j C N for some j > 0. Since Mp[j]>o = M^-pp), the action of 
the generators of A on is given by the coordinates of ct-^ (p). At least one generator 
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does not annihilate in which case letting the corresponding generator of act 
on {mFj,0) and (0,mp shows that C N. By induction, N = and so is 

generated in degree 0 . 

To prove that is 1-critical it is sufficient to show that any cyclic N-graded 
submodule has finite codimension. Consider the submodule generated by an element 
G Mp, where \ E . We will show that and belong 

to the submodule. Since Mp[j + l]>o = the argument of the previous para¬ 

graph implies that these two elements generate in high degree, in which case the 
submodule generated by (m^, \m^) must have hnite codimension. 

By assumption aC 7 ^ 0 for at least three of the generators. This means that either 

CTj Q, i 7 ^ 0 or 0 :^ 2 ) 0 ^ 7,3 7 ^ 0. In the former case xq and xi do not annihilate and 

thus 

(m^. Amp ■ (^vo + = (2tt7,o"^i+n 0)> 

(mp Amp ■ = (0, 2Aa^om^+p. 

On the other hand, if 07 , 2 , 0 : 7,3 7 ^ 0 then X 2 and X 3 do not annihilate m^ and so 
(mp Amp ■ + ^^ 3 ^ = ( 2 Aa^_ 3 m^+i, 0), 

(mp Amp ■ ^^2 - ^^3^ = ( 0 , 2 a^ 2 "^^+i)- 

These equations prove that the submodule generated by (mp Amp has hnite codimen¬ 
sion in Mp. 

It remains to show that the submodules generated by either (mp 0) or (0, mp have 
hnite codimension. We give the argument for (mpo), the argument for (0,mp being 
similar. By assumption either a^g, 0^2 7 ^ 0 or ap, ap 7 ^ 0. If ap, ap 7 ^ 0 then one 
has 

(mp 0 ) • no = (oPmPi, 0 ) and (mP 0 ) • ^2 = ( 0 , oPmPi), 
while if ap, ap 7 ^ 0 one has 

(mp 0 ) • ni = (apmPi, 0 ) and (mp 0 ) • n 3 = ( 0 , -apmpj. 

Once again, this is sufficient to show the submodule generated by (mp 0) has hnite 


codimension. 


□ 
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There is a natural action of G on point modules of A, which we now describe. 
Since G acts on A by N-graded algebra automorphisms, one can use Dehnition 2.2.17 
to twist such a module by the action of a particular element of the group. Explicitly, 
for a point module M and g E G, dehne a new A-module by the multiplication 
m *g a = ma^ for all m G M and a E A. The underlying N-graded vector space 
structure of M remains unchanged and therefore still has the same Hilbert series 
as a point module. Moreover, g acts by an automorphism and so the twisted module 
remains cyclic, therefore must also be a point module. 

This action on point modules induces an action of G on T: for all g E G, p E T, 
dehne to be the point g G T for which Mq = [Mp)^. Before stating a result 
concerning this action, let us introduce some notation. 


Notation 3.3.6. Let / be a right ideal in an algebra A, on which a hnite group G 
acts by algebra automorphisms. Then for all g G G we dehne g{I) := {a^ : a E /}. 


Lemma 3.3.7. Assume Hypotheses 3.3.1. Then the group G acts on a point p = 
{pO)'Pi)'P2)'Pz) G T in the following manner: 


= P, P^" = {Po,Pi, -P2, -ps), P^^ = (Po, -Pi,P2, -ps), 


(3.3.8) 


p9^92 ^ 

In particular, this action preserves the condition on a point having at least three 
non-zero coordinates. 


Proof. Consider the point module Mp = A/Ip, where Ip is a right ideal. For an element 
g E G we claim that {MpY = A/g~^{Ip). To see this, recall that {MpY has the same 
underlying N-graded vector space structure as Mp. Thus we may consider the map 
ip : {MpY -E- A/g~^{Ip) dehned by a -|- Jp i-G- ^ g~^{Ip) for a E A. This map is 

well-dehned on the coset structures involved and preserves the N-graded vector space 
structures, thus it remains to check that it is an isomorphism of right A-modules. For 
a,h E A one has 

ip{{a + Ip) *g h) = ip{ab^ + Ip) = {alT)^ ' -h g~^{Ip) = M ^b + g~^{Ip), 

(f{a + Ip)b = {a^ ^ + g~^{Ip))b = ^b + g~^{Ip). 

Thus is a homomorphism of N-graded right A-modules. As G acts by automor¬ 
phisms, the modules {MpY and A/g~^{Ip) have the same Hilbert series. Consequently, 
ip is an isomorphism. 
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The right ideal Ip is generated by the degree 1 elements 

PoXi-piXo, P 0 X 2 -P 2 X 0 , PoXs-PsXq. (3.3.9) 

The isomorphism {Mp)^ = A/g~^{Ip) and Lemma 3.2.2 indicate that the behaviour of 
the three generators in (3.3.9) under the action of g~^ govern p^. The result is clear 
when g = e since the identity acts trivially. We give a proof for g = gi, with the 
remaining two cases being similar. Noting that gi has order 2, one has 

{poxi - piXoY^ = poxY - PixY = PoXi - PlXo, 

{poX 2 - P 2 Xoy^ = Poxf - P 2 xY = -P 0 X 2 - P 2 X 0 , (3.3.10) 

{P0X3 - PsXoY^ = poxf - pixf = -P0X3 - P3X0. 

The right ideal generated by the three elements on the right-hand side of (3.3.10) 

corresponds to the point q = {po,pi, —P 2 , —ps)- Thus p^^ = g as in the statement of 
the lemma. □ 

In Proposition 3.3.5 we constructed fat point modules over the twist A^'^. One 
can repeat the same trick, using the embedding of A = inside M 2 {A^'^) to 

prove the following result. 

Proposition 3.3.11. Consider a fat point module over constructed in 
Proposition 3.3.5. The direct sum {M^Y is an N-graded right M 2 {A'^’^)-module. On 
restriction to a module over the subalgebra A, one has a decomposition of N-graded 
right A-modules 

(M|)2 = 0Mp«. (3.3.12) 

g€G 

Proof. The fat point module was obtained by restricting the M 2 (A)-module 
to A^'^. Thus {MpY can be considered as the M 4 (A)-module which becomes 
an M 2 ( 2 l‘^’^)-module upon restriction. One can then regard {MpY as an A-module 
by restricting a second time, with the action on homogeneous pieces given by 4 x 4 
matrices. 

Indeed, one can write the action of the generators of A on (M^)^ explicitly by 
unravelling the composite embedding of A into MYA). Let us use the notation mF.-Xi = 
— which was introduced before Proposition 3.3.5 — for the action of the 
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certainly have the correct Hilbert series to be point modules and are cyclic. By cal¬ 
culating which degree 1 elements of A annihilate them, one can see that these cyclic 
submodules are indeed isomorphic to the point modules indicated in (3.3.15). □ 

Proposition 3.3.11 allows us to determine the isomorphisms in grmod(H*^’^) be¬ 
tween the fat point modules constructed in Proposition 3.3.5. 

Corollary 3.3.16. The only isomorphisms in grmod(H‘^’^) between the fat point 
modules over A^'^ described in Proposition 3.3.5 are of the form = M^g for all 
g G G. 
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Proof. To see that = M^g holds for all g E G, we hrst use the hnal part of Lemma 
3.3.7: if p G r has three non-zero coordinates then so does for all g E G. Thus 
one can construct M^g as in Proposition 3.3.5 for any g E G. The isomorphisms are 
governed by the matrices in (3.1.13): 


(i) Mp = Mpg^ via right multiplication by 


(ii) Mp = Mp 92 via right multiplication by 




5 


(iii) Mp = Mpg^g 2 via right multiplication by 




Suppose now that p.,q eT both have at least three non-zero coordinates and their 
associated fat point modules are isomorphic, thus Mp = . By Proposition 3.3.11, we 

can take direct sums of these fat point modules and consider them as right M 2 {A^'^)- 
modules. On restricting them down to the subalgebra A we obtain via (3.3.12) the 
following isomorphism: 

Mpg = ^^Mqg. (3.3.17) 

g€G g€G 

Both modules in (3.3.17) are f.g. N-graded modules of GK dimension 1. By [58, 
Proposition 1.5] the factors in a critical composition series of such a module are, when 
considered in high degree, unique up to permutation and isomorphism. In our case this 
implies that we must have n{Mq) = n{Mpg) for some g E G. Thus there exists some 
n G N such that Mq[n]>o = Mpg[n]>Q in grmod(yl). But Mg[n]>o = Mq^^ for any point 
in P, in which case one has an isomorphism in grmod(A) of the form Mq^^^ = M^^pgy-n-. 
Since point modules over A are parameterised up to isomorphism by the closed points 
of P, we may conclude that . As a is an automorphism it follows that 

q = p^. □ 


To end this section we recap the ideas we have used. For G and p as in Hypotheses 
3.3.1 we can play the following game: take a 1-critical A-module M and consider 
as a module over A^’^ = M 2 {AY. This module has GK dimension 1 and, by replacing 
it with for some n G N if necessary, has a critical composition series in which 
each composition factor is also 1-critical. This technique provides an effective way of 
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discovering 1-critical modules over a cocycle twist given knowledge of those over 

A. 



Chapter 4 


Twists of Sklyanin algebras 


In this chapter we will consider twists of 4-dimensional Sklyanin algebras. Snch al¬ 
gebras can be presented as the quotient of the free /c-algebra k{xQ,Xi,X2iX^} by the 
ideal generated by the relations: 

/i := [xo, xi] - a[x2, X3,]+, f2 := [xq, a;i]+ - [x2, X3], 

h ■= [a^o, X 2 ] - a;i]+, /4 := [xq, X2]+ - [xg, Xi], (4.0.1) 

/s := [xo, X3] - 7[a;i, 0:2] + , /e := [xq, 0:3]+ - [xi, X2\, 

where a,l 3 ,'y G k satisfy 

a-f/9-|- 7 -f O/Sy = 0 and {a,/9, 7 } fl {0, ±1} = 0. (4.0.2) 

As noted in [60, Equation 1.1.1], the first condition in (4.0.2) can be rewritten as 

(a -I- l)(/3 -f 1)(7 -I- 1) = (1 — a)(1 — /3)(1 — 7 ), (4.0.3) 

and this form will be useful in some of our computations. The relations in (4.0.1) were 
first given in [60, Equation 0.2.2]. 

Many properties of the algebra A{a, ( 3 , 7 ) are controlled by an elliptic curve E C P| 
defined by the following elements in /c[|/o, |/i, I/ 2 , 1 / 3 ], the homogeneous coordinate ring 
of [60, Proposition 2.4]: 

2 I 2 I 2 I 2 2 2 I 2 

!/o + Si + !/2 + ft. » - (^yT^ j Si + j Si 

One can consider the algebra defined by the relations (4.0.1) for any a, /9 ,7 G /c sat¬ 
isfying (4.0.2), where k is an algebraically closed field with char(A;) 7 ^ 2. Such algebras 
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will be referred to as 4-dimensional Sklyanin algebras and be denoted by A[a,l3,'')) 
(or simply A if we can omit the parameters withont ambignity). The characteristic 
assnmption on k will be made thronghont this chapter and the next. Since the gronp 
that will be used in these chapters has order 4, the hypothesis that char(/c) \ |G| which 
was used in Chapter 3 will always hold. 

Before beginning our study of twists of such algebras we make some general remarks 
pertaining to the notation we will use for elements in cocycle twists. Our notation 
will be like that used in the proof of Proposition 3.2.37: for the remaining chapters 
(apart from §6.5) we will denote the generators of the algebra that we wish to twist 
by Xi- If such generators are not acted on diagonally by the group then we will use 
the notation Wi for a diagonal basis of the generating space. Despite the fact that 
A and A^''^ share the same underlying /c-vector space structure, we will denote the 
corresponding generators of the twist by Vi to avoid confusion and allow us to write 
the twisted multiplication as juxtaposition. Thus if Xi G Ag and Xj G A^ for some 
g,h E G, then ViVj = Xi Xj = h)xiXj. 


4.1 Properties of the twist 

Although there are other twists of the 4-dimensional Sklyanin algebra — as discussed 
in §4.1.1 and Remark 4.1.12 — the one that we will focus our attention upon is the 
following. Consider the isomorphism between G = (C 2 )^ = {gi,g 2 ) and its dual G^ 
given by the character table (3.1.9). Dehne an action of the generators of G on those 
of A(q;,/ 3,7) by 

xf4 = xo, = xi, xl^ = —X 2 , xl^ = —X 3 and xf^ = {—lyxi, (4.1.1) 

for i = 0,1,2,3. The generators of A^a,/!,^) are acted on diagonally and therefore 
are homogeneous with respect to the induced G-grading, lying in the following com¬ 
ponents: 

xo G A(a,/3,'y)e, Xi G A(a,/ 3 , 7 )gi, Xs G A(a,/ 3 , 7 )g 2 , 3:3 G A(a,/3, 7)3132- (4-1-2) 

The action in (4.1.1) is not the same as that used in the example studied in §3.1.2. 
Nevertheless, we will show in Proposition 4.1.17 that Odesskii’s original example is 
isomorphic to an algebra in the same family as that which we study. 
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The next lemma describes the relations of the algebra that we will primarily focus 
our attention on. We will use the 2-cocycle that is used here throughout the rest of 
the thesis. 

Lemma 4.1.3. Let /i be the 2-cocycle of G dehned in (3.1.11). Then the algebra 
A(a, (3, is the quotient of the free A;-algebra k{vo, Ui, ^ 2 , Us} by the ideal generated 
by the following six quadratic relations: 

/f := [uoWi] - a[v2,V3], f2 ■= [wWi]+ - Nw3] + , 

fs ■= K, -^ 2 ] - /3[v3, Vi], fi := [vq, ^ 2 ]+ - [vg, vi] + , (4-1.4) 

f5 ■= K,V 3 ] + 7K,^^ 2 ], fe ■= [vo,V3]+ + [Vi,V 2 ] + . 

Proof. We begin by computing how the dehning relations of A{a,P,'y) from (4.0.1) 
behave under the twist: 

0 = XqXi — XiXf) — aX2X3 — aX3X2 

Xq Xi Xi Xq X 2 X3 X3 X2 

= - - - - - ot - - - ot - - - 

m(C9i) m(9iA) t{92,9i92) h(fi'ifi' 2 , 6 - 2 ) 

= xo xi - xi xo - ax2 X3 + ax3 X2, 

0 = XqXi + XiXo - X2X3 + X3X2 

_ Xq Xi ^ Xi Xq _ X2 X3 ^ X3 X2 

h(e,fl'i) t{9iA) K92,9i92) t{9i92,92) 

= Xq Xi + Xi Xq - X2 *f, X3 - X3 *f, X2, 

0 = a;oa;2 - a;2a;o - /SxsXi - 

_ Xq X2 _ X2 *1, Xq _ ^ X3*^Xi _ ^ Xi X3 

KC 92 ) h(fi' 2 ,e) ^ t{9i92,9i) ^ t{9i,9i92) 

= Xo *1, X2 - X2 *1, Xo - (3X3 Xi + ( 3 xi X3, 

0 = X0X2 + X2X0 - X3X1 + X1X3 

_ Xq X2 ^ X2 *1, Xq _ X3 Xi Xi X3 

Kc92) h( 5 ' 2 ,e) ir{9i92,9i) t{9i,9i92) 

= Xo X2 + X2 *1, Xo - X3 Xi - Xi X3, 

0 = a;oa;3 - a;3a;o - 7a;ia;2 - 7a;2a;i 

3^0 ^3 X3 Xq Xi X2 X2 Xi 

Tic 9192) Ti 9 i 92 ,e) Ti 9 i, 92 ) h(fi' 2 ,fi'i) 

= 3:0 */. 3:3 - X3 Xo + 73^1 X2 - 73^2 Xi, 

0 = X0X3 + X3X0 - X1X2 + 3 : 23:1 
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_ 3^0 ^3 X3 Xq _ Xi X2 ^2 3^1 

Tic 9192) /i(fi'ifi' 2 ,e) ^{91,92) t{ 92,9 i) 

= Xq *f, X3 + X3 Xo + Xi X2 + X2 *1, Xi. 

Recall our remarks regarding notation for cocycle twists at the beginning of Chapter 4; 
rewriting the relations above in terms of the new generators Vi produces the relations 
in (4.1.4). By regarding A{a, as a twist of the presentation of A{a,/3,'j) by 

the relations in (4.0.1), one can use Lemma 3.2.2 to see that the ideal of relations in 
the twist is generated by the relations in (4.1.4). 

Notice that A^a,/!,^) has a generating set which is homogeneous with respect to 
the G-grading by (4.1.2). Thus Remark 3.2.5 implies that A{a, is generated 

as an algebra by the same generating set, hence by the Vi. □ 

Remark 4.1.5. In §4.1.1 we will show that the study of a whole family of cocycle 
twists can be reduced to studying the algebra dehned by the relations in (4.1.4). 

By virtue of being a cocycle twist, we immediately get the following result. 

Theorem 4.1.6. Assume that the parameter triple {a,/3,'y) satishes (4.0.2). Then 
the algebra A{a, /3,'j)^'^ is f.g. in degree 1 and has the following properties: 

(i) it is a nniversally noetherian domain; 

(ii) it has Hilbert series 1/(1 — t)^; 

(iii) it is AS-regular of global dimension 4; 

(iv) it is Auslander regular; 

(v) it satishes the Cohen-Macaulay property; 

(vi) it is Koszul. 

Proof. Note that A{a, /9, is f.g. in degree 1 by Lemma 4.1.3. We proceed by show¬ 
ing that part of (i) holds. By [4, Corollary 4.12], A(q;,/ 9,7) is universally noetherian. 
Using Corollary 3.2.12 shows that the same is trne for A{a, 13,'y)^’^. 

By [60, Thm 5.5] and [35, Corollary 1.9], A^a,/!,^) has the properties stated in 
(ii)-(vi). We can then use Lemma 3.2.4 (for (ii)). Corollary 3.2.28 and Proposition 
3.2.18 (for (hi)). Proposition 3.2.42 (for (iv) and (v)) and Proposition 3.2.31 (for (vi)) 
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to show that A{a, /3,'y)'^’^ also has the respective properties. To complete the proof 
one can use [ 8 , Theorem 3.9] to conclude that A{a, /3,'y)'^’^ is a domain. □ 

Remark 4.1.7. In fact Theorem 4.1.6 is valid for any parameter triple {a, (1, 7 ) that is 
not of the form (—1,1, 7 ), (a, —1,1) or (1, (3, —1). For those three triples the associated 
4-dimensional Sklyanin algebra is not a domain, while for the remaining triples not 
covered by the theorem one obtains an iterated Ore extension over k (see [60, §1]). 
We leave the proof of the outstanding cases to the reader. 

4.1.1 Permuting the G-action 

Our aim in this section is to determine the behaviour of some other twists of A{a, (3, 7 ). 
We will show that such twists are isomorphic up to a change of parameters to the 
algebra whose relations are given in (4.1.4). 

Proposition 4.1.8. Let G be the Klein-four group and {a,l3,'j) a parameter triple 
satisfying (4.0.2). There are 24 actions of G on A{a,l3,'')) by N-graded algebra auto¬ 
morphisms for which the following hold: 

(i) G acts diagonally on the generators Xq,Xi,X 2 and 0 : 3 ; 

(ii) the action of G on 4 (q;,/ 9 , 7 )i affords the regular representation. 

For any such action of G, consider the twist of the induced G-grading on 4 (q;,/ 5 , 7 ) 
by the 2-cocycle /i from Lemma 4.1.3. The algebra obtained is isomorphic to the twist 
studied in that lemma up to a change of parameters which still satisfy (4.0.2). 

Proof. In the previous section we studied the action on A^ajPj'j) corresponding to 
the grading 

xo e 4(a,/3,7)e, xi e 4(a,/3,7)gj, xa G A{a, l3,'y)g^, X 3 G A{a, l3,'y)g^g^. (4.1.9) 

We identify each G-graded component of A with the corresponding index of the gen¬ 
erator it contains in (4.1.9). In this manner, any other grading corresponding to an 
action of G affording the regular representation gives rise to a permutation in the 
symmetric group 5 * 4 . For example, the action which induces the grading 


xi G A{a,/3,'y)e, xq G A{a,/3,j)g^, X 3 G A{a, /3,-f)g^, X 2 G A{a, /3,j)g^g^. 
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corresponds to the permutation (01) (23). It is trivial to check using the relations in 
(4.0.1) that each permutation in 5*4 corresponds to a genuine G-grading. 

The action which induces the grading in (4.1.9) corresponds to the identity permu¬ 
tation, hence for this proof only the associated twist will be denoted A{a, 

Our aim can therefore be reformulated as trying to understand A{a, (I, for other 

permutations a G 5 * 4 . 

Let us now assume that any G-grading is one of the 24 arising from an action of 
G on the generators by the regular representation. The automorphism group of G 
is isomorphic to which acts by permuting the order 2 elements. We will use the 
convention that products of permutations are applied from right to left. 

Notice that two G-gradings are twists of each other by an automorphism of G if 
and only if the components of their G-gradings corresponding to e are equal. This is a 
consequence of the automorphism group of G being isomorphic to S' 3 . Recast in terms 
of permutations, we obtain a partition of 5*4 by the subsets 

Hj = {a e Si : o-"^(0) = j} for j = 0,1, 2, 3. 

Let us choose the identity map and the transpositions (Oj) for j = 1, 2, 3 as represen¬ 
tatives of these subsets. 

We now show that the action of Autgrp(G) on 2-cocycles of G is trivial. To do this 
we hrst identify the subgroup of 5*4 given by 

Ho = {{td), (12), (23), (13), (123), (132)}, (4.1.10) 

with Autgrp(G). The identihcation we use arises naturally from our prior identihcation 
of elements of G with the set {0,1, 2 , 3} using (4.1.9). 

Observe that the following table describes for each permutation a E Hq how the 
2-cocycles fi and are cohomologous via the function p : G ^ , where i denotes 

a primitive 4**^ root of unity in k: 


a 

P(e) 

P(fo) 

P(P 2 ) 

P(PlP 2 ) 

( 12 ) 

1 

-1 

1 

1 

(13) 

1 

i 

1 

i 

(23) 

1 

1 

i 

i 

(123) 

1 

i 

-1 

i 

(132) 

1 

1 

i 

—i 


(4.1.11) 
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Now consider a G Hj. We already know that the G-grading associated to a is 
obtained from that associated to (Oj) by twisting the grading by an antomorphism 
of G. Bnt (4.1.11) shows that the action of Antgrp(G) on 2-cocycles is trivial. We 
may conclnde by Lemma 3.1.22 that the twists A{a, and A{a, 

are twists of the same G-grading by cohomologous 2-cocycles. By Proposition 2.2.11 
it follows that these algebras are isomorphic. 

To complete the proof we describe the changes of parameters needed to show that 
the three algebras of the form A{a, belong to the family A(q;',/S', 

for some (q;',/5', 7 ') satisfying (4.0.2). 

For the permntation (01), one can use the rescaling 

1 i 


(no, ni, V2, V3) !-)■ no, —?=Vi, 


--V2, 


VP 

to show that there is an isomorphism of N-graded /c-algebras 


V3 




Similarly, for (02) there is an isomorphism of N-graded /c-algebras 

G,fjL-,{id) 


V« 7/ 


given by the rescaling 


(no, ni, n2, ns) 1-^ ( no, -^vi, -V—V2, it's ) • 

V VP V^ v« / 

Likewise, for (03) there is an isomorphism of N-graded /c-algebras 

G,fjL-,{id) 




given by the rescaling 


(no, ni, ns, ns) ^ ( no, -^vi, -^V2, 

V VP V« V«/3 

If the parameters (q;,/9 ,7) satisfy (4.0.2) then so does the triple obtained by nega¬ 
tion, permutation, or taking the reciprocal of two of the three parameters. This 
completes the proof. □ 
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Remark 4.1.12. There are of course other actions of G on A{a,/3,'y). For example, 
we could consider the action inducing the grading 

Xo,Xi e A{a,/I,'y)g^, X2,X3 e A{a, I3,'y)g^g^. 

The cocycle twist of this grading by /i is a Zhang twist of A{a,l3,'y) by the automor¬ 
phism by which gi acts. This is an artefact of g 2 acting by scalar multiplication, which 
brings to mind the proof of Proposition 3.1.21; we dehned a group action where one 
generator acted by scalar multiplication in order to recover a Zhang twist as a cocycle 
twist. 

Proposition 4.1.8 implies that our study of A{a, encompasses 24 twists 

up to an allowable change of parameters. Thus, from the beginning of §4.1.2 onwards, 
the notation A^'^ will refer to that twist. 

We now address the question of whether Odesskii’s example from §3.1.2 is isomor¬ 
phic to one of the twists we have just analysed. We therefore assume that k = C 
for the rest of §4.1.1. Recall that in Proposition 3.1.16 it was shown that Odesskii’s 
example can be formulated as a cocycle twist. 

We will use results of Staniszkis and Smith from [61]. Although the primary focus 
of their paper is to classify the hnite-dimensional simple A-modules, they also describe 
the N-graded automorphism group of A, denoted Autis}_aig(A), which we describe below. 
For this purpose it is useful to consider the associated elliptic curve E as the quotient 
group C/A, where A is an integer lattice in C generated by a complex number u such 
that im(z/) 7 ^ 0 (see the section on elliptic functions in [25, Chapter IV, pgs. 326-329]). 

Following [60, §2.10], let us introduce the following holomorphic functions on C 
associated to the lattice A. That such theta functions are related to the Sklyanin 
algebra associated to E is clear from (4.1.16) below. 

Definition 4.1.13. For a,b E {0,1} dehne Qab : C —)■ C to be a holomorphic function 
satisfying the relations 

Qab{z + 1) = (-l)“0afe(2:), &ab{z + iz) = exp(- 7 riz/ - 27riz - 7rib)&ab{z), (4.1.14) 
for all z e C. 

Let the automorphism associated to the point scheme of A be translation by the 
point T E E. It is shown in [61, Theorem 2.2] that apart from one exceptional case 
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there is a short exact sequence of groups 


1 — y — y Autj^_a,ig(^) — y £'4 —y 0, 


(4.1.15) 


where denotes the 4-torsion on E. When E is regarded as a lattice, such torsion 
can easily be described as the 16 cosets of the form j + + A for n,m E { 0 , 1 , 2 , 3}. 

By [25, Chapter IV, Theorem 4.16], i ?4 is isomorphic as a group to (Z/4Z)^. For any 
n G N the automorphism associated to A G acts on A^ by scalar multiplication by 


The exceptional case mentioned above occurs when |r| = 3 and E has a special 
form. In that case there is still an exact sequence like in (4.1.15), but with E^ replaced 
with E 4 X (Z/3Z) (see [61, Theorem 2.2(c)]). As we are mainly interested in the 
situation when r has inhnite order, we will not consider this case. 

On pg. 64 op. cit. some automorphisms of A are given which are labelled by the 
generators of i? 4 , and one can in fact associate all points in £^4 with antomorphisms. 
The exact sequence in (4.1.15) is non-split because the composition of antomorphisms 
parameterised by E 4 only respects the addition on E coming from their corresponding 
points up to scalar automorphism. 

By taking compositions of the antomorphisms corresponding to the two generators 
of £^4 (which are exhibited on [61, pg. 64]), we can recover all of the antomorphisms 
parameterised by E^ up to scalar. This is enough for our purposes: to prove Proposi¬ 
tion 4.1.17 we will only need to know whether certain automorphisms act diagonally 
on the generators, thus working np to scalar is sufficient. 

Some of the antomorphisms exhibited in Smith and Staniszkis’s paper can be writ¬ 
ten in terms of the theta fnnctions introdnced above in Dehnition 4.1.13. The param¬ 
eters in the relations (4.0.1) can be written in terms of those fnnctions as follows: 

_ f Qii(r)0oo(r) y / 0ii(r)0oi(r) y _ / 0ii(r)0io(r) V 

V0oi(T)0io(r)/ ’ V0oo(T)0io(r)/ ’ ^ V0oo(r)0oi(r)/ 

(4.1.16) 

Using these expressions, one can rewrite the automorphisms in terms of the new 
parameters, as we now illustrate. Consider the antomorphism corresponding to | -|- 
ju G 7 ^ 4 , which sends 


lY Y Y Y i I ' /^0ii(^) Y ^•0oo('^) Y 

tAii, Aqo, Aqi, AioJ t—)■ I ———A00U7;;— 

V0oo(r) 011 (t) 


0 m fr'l 
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Using the identification (Xu, Xqo, ^oi,-^lo) = {xo,xi,X 2 ,X 3 ) and (4.1.16), we can 
rewrite this as 

{Xo,Xi,X2,X3) X3,-i(^^'^ X2 

We now prove that Odesskii’s twist must be one that we have previously encoun¬ 
tered. 

Proposition 4.1.17. Suppose that |r| = cxd. The example of Odesskii in §3.1.2 is 
isomorphic to an algebra with relations (4.1.4) for some choice of parameters {a', P', 7 ') 
satisfying (4.0.2). 

Proof. Note that the algebra being twisted in Odesskii’s example, A{a, (3, 7 ) say, must 
correspond to parameters satisfying (4.0.2) due to its construction using a smooth 
elliptic curve. Smith and Stafford’s work in [60] shows that the Sklyanin algebra is 
only ‘elliptic’ in this sense under the restriction on parameters. 

The action in Odesskii’s example — which was described in (1.1.1) — affords the 
regular representation when restricted to the degree 1 generators. We will show that 
the action of G on A in this example is by automorphisms that are diagonal in the new 
basis (for which the relations are given by (4.0.1)). In that case, the induced G-grading 
on A will be one of the 24 considered Proposition 4.1.8. That result implies that the 
twist must be isomorphic to A{a', (3' for some choice of parameters satisfying 
the required condition. It is therefore sufficient to show that all automorphisms of 
order 2 act diagonally on our generators. 

We are not in the exceptional case, hence there is an exact sequence as given in 
(4.1.15). Let p G AutN-aig(^) have order 2 . As discussed prior to the proposition, 
there exists A G and one of the automorphisms parameterised by 7 ^ 4 , 0 say, such 
that \p = (f). Since A commutes with all automorphisms, one has = A^ G 
Knowing the automorphisms parameterised by E 4 up to scalar allows us to conclude 
that the only such automorphisms whose square is a scalar automorphism are those 
corresponding to the 2-torsion points. It can be seen from [61, pg. 64]) that such 
automorphisms act diagonally on the generators, from which we can conclude that p 
must also act diagonally on them. As was shown in the previous paragraph, this is 
sufficient to prove the result. □ 
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4.1.2 The point scheme 

We now begin to study the point scheme of A{a, /3,'j)'^’^, which we will denote by F. 
Our ultimate aim is to prove the following result. 

Theorem 4.1.18 (cf. Theorem 4.2.20). Suppose that A{a,l3,'y) is associated to the 
elliptic curve E and automorphism a, which has inhnite order. Then the point scheme 
r of A{a, /3,'j)^'^ consists of 20 points. 

The proof of this result will appear later as Theorem 4.2.20. The delay is needed 
because the proof uses the interplay between 1-critical modules over A{a,/3,'y) and 
A{a, 13,'y)^’^ - this is studied in §4.2. 

Let us begin by recalling to the reader’s attention Theorem 2.1.26, regarding the 
multilinearisations of the quadratic relations in certain algebras. 

Lemma 4.1.19. Consider the multilinearisations of the relations of A{a, (I, given 
in (4.1.4): 

mi := VmVi2 - ViiVo2 - an2W32 + at'3i^'22, rn2 := noWi2 + t'iWo2 - ^'2l^'32 - t'3i^'22, 

^3 := V 01 V 22 - V 21 VQ 2 + (^ViiV‘i2 - (^ViiiVi2, rrii := V 01 V 22 + ^'21^^02 - t'3lt'l2 - ^'ll^^32, 

ms := ^01^32 - t'3W02 + 7^'iW22 - 7^'2it'i2, me := ^ 01^32 + t'3i^'02 + V 11 V 22 + t'2Wi2- 

(4.1.20) 

The closed subscheme r 2 C x determined by the equations in (4.1.20) is isomor¬ 
phic to the graph of the point scheme T under a scheme automorphism 0. Furthermore, 
the closed points of T parameterise point modules over A{a, /3,'y)^'^. 

Proof. One can use Theorem 4.1.6 to see that A(a, (I, satishes the hypotheses of 
Theorem 2.1.26, from which the result follows. □ 

We will often study r 2 , since it incorporates information about both the point 
scheme and the associated automorphism. Lemma 4.1.19 allows us to write 

r 2 = {g = (p,p'^) G Pfc X P| : mj(g) = 0 for i = 1,..., 6}. (4.1.21) 

Our next result exhibits 20 closed points of the scheme r 2 . Under some additional 
hypotheses, such points will be shown in Theorem 4.2.20 to compose all of the closed 
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points of r 2 . Let us introduce the following notation for certain points in P| prior to 
stating the result: 

eo:=(l,0,0,0), d := (0, 1, 0, 0), 62 := (0, 0, 1, 0), eg := (0, 0, 0, 1), (4.1.22) 

Lemma 4.1.23. The scheme r 2 contains the closed points {ej, ej) for j = 0,1, 2, 3, as 

well as the following 16 points, where R = — 1 : 

((1, ±f, ±f, 1), (1, ±f, ±f, 1)), ((1, ±i, Th -1), (1, ±i, =Fi, -1)), 

(( 1 , , ( 1 , -(/ 57 )"i ± 7 "^, ±/5”^)) , 

(( 1 , (/^7)”^ T7"^ ±/5"^) , ( 1 , (/57)”^ ±7"^, T/5"^)) , 

(( 1 , ±*7"^, (a7)"T j , (i^ T*7"^ (q; 7)“T j j , (4.1.24) 

(( 1 , Th~K -(a 7 )"T j , (^ 1 , -(a^)"!, j j , 

(^(l,±/3~T±ia~Ti{ct/3)~^'^ , (^1, T/5“T T*a"T *(a/3)"^)) , 

(^(^1, ±/3~TTiWT -i{a/3)~^'^ , (^1, t/ 5"T ±ia“T -f(a/3)"^ j j . 

In particular, T = 7ri(r2) contains at least 20 points. 

Proof. It is easy to see that (e^, Cj) G r 2 for j = 0,1, 2, 3, since these points satisfy the 
multilinearisations in (4.1.20). A routine verihcation — using (4.0.2) where necessary 
— conhrms that the points in (4.1.24) also satisfy the equations in (4.1.20), and 
therefore belong to r 2 . 

To see that the 20 points are distinct, note that by (4.1.21) it suffices to show 
that the points in T are distinct. Our assumptions on a, (I, 7 from (4.0.2) imply that 
Cj ^ T' for j = 0,1, 2, 3. It is easy to partition T' into four sets of order 4 based on 
which pair from the parameters a, /5, 7 (if any) is needed to describe the coordinates 
of the point: 

{(1, ±i, ±f, 1), (1, ±f, T7 1)}, 

I ( 1 , -(/37)-i, ^ 7 - 5 , , fi^ I, 

/ 1 1 iw 1 1 iM {4:.1.25) 

I ( 1 , ±*7"^ {aj)~T±ia~^J , (^ 1 , |, 

I ^ 1 , , ±iQ;“2 ^ i(Q;^)“2 j ^ ~'*(<^/ 9)~2 j I . 

The points in each set are clearly distinct and differ from each other only by 
multiplying two of their coordinates by -1. Now consider the following function k, 
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which sends 


(a, b, c, d) I—)■ 


/ab ac ad\ 


where a, b,c,d E k, abed ^ 0. 


This function takes a different value on each of the four sets in (4.1.25), as the following 
table shows (again we use the assumptions from (4.0.2) on the parameters): 


Representative 

/ ab ac ad \ 

\ erf ’ ’ be / 


(1.1.-1) 

(i,-(/37) 2,-7 2,/3 2 

) 

(-1,-/^, - 7 ) 

^l,i7“T (q;7)“T 


(a,- 1 , 7 ) 

^1, ) 


{-a,l3,1 ) 


This shows that the four sets in (4.1.25) are disjoint, from which the result follows. 

□ 

Remark 4.1.26. The points in (4.1.24) were discovered through the use of computer 
calculations for specific parameter choices. The solutions obtained indicated the gen¬ 
eral form of the points stated above. 

We now introduce some new notation. 

Notation 4.1.27. Recall the definition of tti given in Notation 2.1.28. Define T' to be 
the set of points 7Ti{q) for q in (4.1.24). Thus |r'| = 16, with Lemma 4.1.23 implying 
that T' U {co. Cl, 62, 63} C T. 

Whilst we have not yet proved that the 20 points in Lemma 4.1.23 constitute the 
whole of r 2 , we can still find the order of 0. 

Lemma 4.1.28. The scheme automorphism 0 has order 2. In particular, it fixes 8 of 
the points given in Lemma 4.1.23. 

Proof. We will exploit some of the observations made after [74, Definition 1.4] with 
regard to graded skew Clifford algebras, which remain valid in our situation. Notice 
that the multilinearisations in (4.1.20) are invariant under the map Vn -H- Vi 2 . Thus r 2 
is invariant under the automorphism which switches components of the ambient space 
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Combining this observation with the description of r2 in (4.1.21), we conclude 
that G r2 if and only if {p'^,p) G r2. But r2 is the graph of T under the 

automorphism 0, hence we must have p = p‘^^. Consequently, 0 has order at most 2. 

It is clear by observation that 8 of the points in F exhibited in Lemma 4.1.23 are 
hxed by 0, including those of the form ej. The remaining 12 points of F that we have 
given each have order 2 under this automorphism. Consequently, 0 has order 2. □ 

We end this section by remarking that the conclusion of Lemma 4.1.28 is surprising, 
since generically the associated automorphism of the point scheme of A{a,P,'y) will 
have inhnite order. 


4.2 Modules over the twist 


In this section we study modules over A(q;, 0, 7)*^’^, which will be denoted by A^'^ 
when it is possible to omit the parameters. Our first result does not £t neatly into 
one of the sections that follows, thus we state it here. It concerns the dimension of 
the line scheme of A^'^ - we will use the formulation of the line scheme that is used 
in [56, Lemma 2.5]. 

Proposition 4.2.1. Assume that char(A;) = 0. Then the line scheme of A(q;, 0, 7)*^’^ 
is 1-dimensional for generic parameters. 


Proof. A relation in can be written in the form ^ift some scalars 0 G k. 
The line scheme of is the locus [ti,... Rq) G P| for which the matrix 

/ n V-. _L +„-L+. V-. -J_ \ 


0 

tl + t2 

tz + 0 

ts -f fe 

- tl 

0 

ih + h 

0^3 - 0 

- h 

te — iR 

0 

— Ott\ — t‘ 

~ R 

-0^3 - 0 

(y.t\ —12 

0 


has rank less than 3 by [56, Lemma 2.5]. The Macaulay2 code given by Code B.1.1 in 
Appendix B.l shows that this scheme is indeed 1-dimensional. Of course, this code is 
only valid in characteristic 0 and for generic parameters, hence our assumptions. □ 
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4.2.1 Point modules and their annihilators 

We already know the existence of 20 isomorphism classes of point modules through 
their parameterisation by F (see Notation 4.1.27). We study the point modules cor¬ 
responding to these 20 points, although some of our results hold for a general point 
module. Since we show that there are no further point modules up to isomorphism in 
Theorem 4.2.20, such considerations will eventually prove superfluous. 

Let us first describe the behaviour of point modules of A^'^ under the twisting 
operation. To avoid confusion we introduce the following notation. 

Notation 4.2.2. Point modules over A will be denoted by Mp, while those over A'^’^ 
will be denoted by Mp. 

Proposition 4.2.3. Let Mp = A^’^/Ip denote the point module corresponding to the 
point p eT. If p is hxed by 0 then Ip is a two-sided ideal and Mp = Mp[l]>o. lip’^ ^ p 
then we have isomorphisms 

Mp^ ^ Mp[l]>o and Mp = Mp^[l]>o. 

Proof. Since 0 has order 2, this is a consequence of Theorem 2.1.26 and Dehnition 
2.1.25. □ 

We will now consider the annihilators of these modules. Our first observation is that 
all such ideals are prime; point modules are 1-critical and therefore by [8, Proposition 
2.30(vi)] their annihilators are prime ideals. 

For a point module Mp with p G P, one has 

Ann^G,M(Mp) = Q Ann^G,M(Mp)„. 
nSN 

Suppose that p is hxed by 0. The annihilator of each graded piece of Mp is the 
same, since it is isomorphic to its shifts by Proposition 4.2.3. Thus the annihilator 
of such a point module is precisely the dehning ideal of the point module, which is 
two-sided by the same result. 

On the other hand, the annihilator of the point modules which have order 2 under 
the shift is Ann^G,M(Mp)o O Ann^G.M(Mp)i. By Proposition 4.2.3 the annihilator of 
such a module is /pfl/pc#.. In particular, this means that this intersection of right ideals 
is a two-sided ideal. 
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From now until the beginning of §4.2.2 let us assume that p has order 2 under 0. 
We would like to determine the answers to the following two questions: 


Questions 4.2.4. (i) What is the Hilbert series of Ip fl Ip^,! 

(ii) Can generators for this ideal be found? 


In order to answer Question 4.2.4(i), we will use the isomorphism of vector spaces 


T T<i> 


Ip fl 


This allows us to prove the following lemma. 


(4.2.5) 


Lemma 4.2.6. Let p G F be a point such that p^ ^ p. Then Ip + Ip^i, contains two 
elements of degree 1 and has codimension 2 inside in all higher degrees. 


Proof. Since {Ip)i and {Ip<i>)i both have codimension 1 inside if (/i Ip + Ip<i> 

then we would have Ip = Ip<iy, which is a contradiction. Thus Af'^ G Ip + Ip<t>. By 
Theorem 4.1.6, A^^^ is generated in degree 1, thus A^f = Jp + Ip<t>. 

Using this information together with (4.2.5) allows us to obtain the following rela¬ 
tion of Hilbert series: 


= Hi if) + Hi At) - Hj^cAt) = 2 


(1-t)^ (1-t) 

1 - (1 -t)3(l +t) 
(l-t)4 


H-ty 


Thus H^G.^pi^c^i Consequently, the ideal Ip fl Ip<i> has codimension 2 in all 

degrees greater than 0, which proves the result. □ 


We can now describe the generators of the intersection Ip fl thus providing an 
answer to Question 4.2.4(ii). 

Proposition 4.2.7. Let p G F' be a point for which p^ y p. Then IpClpct, is generated 
as a two-sided ideal by two degree 1 elements. The generators of this ideal for each of 
the 6 orbits of order 2 are given respectively by: 

(i) {tsvq + Vi^rv^ — SV 2 ) for r = 7 “U s = ±/9“U 

(ii) {rsvo + V 2 , svi — rvs) loT r = i'y ~2 ^ s = ±ia~ 2 ] 

(hi) (rsvo — vs,rv 2 + svi) for r = —/5“U s = ±ia~G 
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Moreover, the factor ring jIp fl Ip 4 , is isomorphic to the quotient of a skew poly¬ 

nomial ring by a central regular element of degree 2 . 

Proof. One can see that {Ip 0 Ip<t>)i certainly contains the two elements given in the 
statement of the proposition in each case. We will factor out the two-sided ideal 
generated by these two elements and show that the factor ring obtained has the Hilbert 
series By Lemma 4.2.6, this is sufficient to prove the result. 

Let us first consider case (i). It is clear that the factor ring is generated as an 
algebra by Uq and V 2 . The relations of A^'^ can be rewritten in terms of these two 
elements; the relations /f for i = 1, 3, 5 lie in the ideal {rsvo + Vi,rv 3 — SV 2 ), while the 
remaining relations can be rewritten in the following manner: 

rsvl + (1 + s^)['i;o,n 2 ] + , fe ^ K,'y 2 ]+- 

Note that any cancellation involving r and s needed to determine these ‘new’ relations 
does not depend on the sign of the scalar s, hence is valid for both choices. 

Since 7 ^ 0, — 1 and 7 ^ 7 ^ 1, we must have 

_^ k{vo,V2} 

{rsvo + vi, rv 3 - SV 2 ) {voV 2 + V 2 Vo,Vq + 

as /c-algebras. This is a factor ring of the quantum plane k-i[vo,V 2 ] by the ideal 
generated by a central regular element of degree 2. Such a ring has Hilbert series 
(1 -|- t)/(l — t), therefore the annihilator must be generated by the two elements as 
claimed. 

The remainder of the proof comprises the same argument repeated in the other 
cases. In case (ii) the factor ring obtained by factoring out the two-sided ideal gener¬ 
ated by rsvo + V 2 and sui — rv^ is generated as an algebra by Vq and Vi. The relations 
of A^’^ can be rewritten in terms of the two algebra generators; as in case (i), the 
relations /f for i = 1, 3, 5 he in the ideal {rsvo + V 2 , sui — rvs), while the others can 
be rewritten as follows: 

f2 ^ (1 + -^ 1 ] + , /r ^ rsvQ + K, '^ 1 ]+- 

Since a 7 ^ 0,1 and 7 ^ 7 ^ 1, we must have 

_^ k{vo,vi} 

{rsvo + V2, svi - rva) {vqVi + ViVq, - 'yvf) ’ 
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as /c-algebras. Once again, the factor ring is a factor of a skew polynomial ring by a 
central regular element of degree 2 and has the correct Hilbert series. 

Moving on to case (iii), the factor ring obtained by factoring out the two-sided 
ideal generated by rsvo — V 3 and rv 2 + sui is generated as an algebra by vq and vi. 
Rewriting the relations of A^’^ in terms of the two algebra generators we hnd that the 
relations /f for i = 1,3,5 lie in the ideal (rsvg — V 3 ,rv 2 T svi), while the remaining 
relations can be transformed to the forms given below: 

f 2 ^ (1 - s^)[no,ni] + , ^ ~ r) ^ + ^^ 2 - 

Since a 7 ^ 0,-1 and 7 ^ 1, we have an isomorphism of /c-algebras 

_^ k{^o,Vi} 

{rsvo - V 3 , rv 2 + svi) {voVi -t- ViVq, + fivf)' 

As in the previous cases, this factor ring is a quotient of a skew polynomial ring by a 

central regular element of degree 2. The factor ring therefore has the correct Hilbert 

series, which completes the proof. □ 

The Hilbert series of these factor rings — after removing the degree 0 piece — is 
that of a fat point module of multiplicity 2. Despite this, one can see that they are 
not 1-critical as modules over A^'^ because they have GK dimension 1 factor modules, 
namely the point modules Mp and Mp 4 ,. 

4.2.2 Fat point modules of multiplicity 2 

Our aim in this section is to apply the results from §3.3 to A and A^'^. To see that 
both of these algebras satisfy Hypotheses 3.3.1 one can use Theorem 4.1.6, as well as 
noting that the action of G on A^’^ is chosen to be that which induces the G-grading 
inherited from A. 

Before giving our hrst result we recap some of the geometry associated to A. We 
recall that the parameters associated to A satisfy (4.0.2), with the following informa¬ 
tion depending upon this fact. As proved in [60, Propositions 2.4 and 2.5], the point 
modules over A are parameterised by points on a smooth elliptic curve E (Z and 
four extra points Cj as in (4.1.22). In [60, Corollary 2.8] it is shown that the automor¬ 
phism associated to the point scheme hxes the four exceptional points and is given by 
a translation a on E. 
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In order to apply the machinery of §3.3 we need to following result. 

Lemma 4.2.8. For allp E E at least three coordinates of p are non-zero. Furthermore, 
the action of G on the point scheme of A restricts to E. 

Proof. Assume that p = {po,Pi,P 2 ,P 3 ) ^ E. We will use [60, Proposition 2.5], which 
describes the homogeneous coordinate ring of E: 

_ k[yo,yi,y2,y3] _ 2 9 ) 

(1/0 + yl + yl + yl yl + (S) yl + (f 3 ) 

The action of G on the point scheme of A is described prior to Lemma 3.3.7, see 
(3.3.8) in particular. It is clear from that equation and (4.2.9) above that \i p E E 
then pp E E for all g E G. 

Let us now prove the other part of the result. Since Cj ^ E for j = 0,1, 2, 3 we 
can assume that at least two coordinates of p are non-zero. If there were two non-zero 
entries, pi and Pm say, then the equations dehning E would reduce to the form 

Pi+Pln=Pl + ^Pln = 0 , 

for some X E k. The only solution when A 7 ^ 1 is = pm = 0, which results in a 
contradiction. If A = 1 then either = 1 or = 1 or 

If = 1 then one has a = —7, in which case /9 = 0 or 7 = ±1, contradicting 
(4.0.2). Similarly, if = 1 then fl = —7, whereupon a = 0 or 7 = ±1. Once again, 
such parameters are not permitted by (4.0.2). Finally, assume that E^ = 1 ^. In this 
case one has (1 — / 9)(1 — 7) = (1 + q ;)(1 -1- 7), which can be rearranged to a = —jS by 
using (4.0.3). This forces 7 = 0 or = ± 1 , contradicting (4.0.2) again. □ 

The parameterisation described in the following result also has a geometric inter¬ 
pretation, as can be seen from Proposition 5.3.27. 

Proposition 4.2.10. has a family of fat point modules of multiplicity 2 param- 
eterised up to isomorphism by the G-orbits of E. 

Proof. Let p E E. By Lemma 4.2.8 at least three coordinates of p are non-zero and the 
action of G on the point scheme preserves E. Thus one may apply Proposition 3.3.5 to 
obtain a fat point module over By Corollary 3.3.16 the only isomorphisms 

between such modules in grmod(A‘^’^) are of the form = M^g for g E G. □ 
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Remarks 4.2.11. (i) In fact, there are no further isomorphisms between the cor¬ 

responding fat points in qgr(yl‘^’^), although we will only prove this in Corollary 

5.3.7. 

(ii) If one tries to apply the construction of Proposition 3.3.5 to the point modules 
Mep one does not obtain any fat point modules. In fact, the right M 2 (A)-module 
becomes isomorphic to the direct sum upon restriction to A^'^. 

We will use [p] to denote the G-orbit of a point p G P|; when necessary it will 
be made clear whether this point lies on E or in P, where P is the point scheme of 
A^'^. This notation allows us to dehne for all p G the right A'^’^-module F[p\ : = 

1 

Proposition 4.2.10 implies that this is well-dehned and furthermore this notation is in 
harmony with that introduced in Notation 4.2.2. 

Our next aim is to reverse the process of Proposition 4.2.10 by taking direct sums 
of point modules over A^'^. Before doing so we need to introduce some preliminary 
material, including the following result regarding the action of G on the point scheme 
P. 


Lemma 4.2.12. Consider P' U {cq, ci, 62 , 63 }, which is contained in the point scheme 
P. Under the action of G on P described prior to Lemma 3.3.7, P' U { 60 , 61 , 62 , 63 } 
decomposes as the union of 8 G-orbits: 


Singleton orbits: 
Order 4 orbits: 


[eo], [61], [62], [63]. 

( 1 , (/57)"U-7”U/5"^) , 


(lU7 U(a7) , 

[(l,i,i,l)]. 


(4.2.13) 


Furthermore, if [p] is an order 4 orbit in (4.2.13) then there exists h E G such that 
(pS)?^ _ ^p 9 'jh g ^ Q That is, the restriction of 0 to each orbit of order 4 

coincides with the action of a particular element of G. 


Proof. One can use (3.3.8) to verify that the orbits under the action of G are as stated 
in (4.2.13). 

Let us now address the second part of the statement of the lemma. Since [(1, i, i, 1)] 
is hxed pointwise by 0, it is clear that for p G [(l,i,b 1)] one has = p®. Thus the 
identity element is associated to this orbit. For representatives of the remaining three 



CHAPTER 4. SKLYANIN TWISTS 


108 


orbits of order 4, we exhibit in (4.2.14) the group element associated to their orbit; 


(l,'i7“l (a7Xtia“b 

/ _l _1 

(l,/9 2^i(Q;/5) 2j 


/ 1 1 1 \ 

/ _i / x_l 

(^1,«7 2,(^7) 2j , 

/ _i _i _1\3^92 

(l,/9 ^,i{cti/3) 2j 


(4.2.14) 


One can see that there is a 1-1 correspondence between elements of G and order 4 
orbits of r that we have discovered so far. □ 


Assume now that a, the associated automorphism of the point scheme of A, has 
inhnite order. In [61], Smith and Staniszkis classify fat point modules of all multiplic¬ 
ities over A under this assumption on a. Their classification is a by-product of their 
work classifying the hnite-dimensional simple A-modules. As the hnal remark in §4 
op. cit. states, their work shows that there are four non-isomorphic fat point modules 
of each multiplicity m > 2. These modules can be denoted by ^) for some 

2-torsion point u G E 2 . This notation is natural since ^) arises as the quotient 

of any line module Mp^q associated to points p,q E E such that p + q = ca®"™ ^. 

Let us now state a result relating point modules over A^’^ with fat point modules 
of multiplicity 2 over A. Beforehand, recall from Notation 4.2.2 that we use tildes to 
denote point modules over 

Proposition 4.2.15. Consider A as the invariant subring M 2 (A‘^’^)'^. Four isomor¬ 
phism classes of fat point modules of multiplicity 2 over A arise as the restriction of 
modules of the form M^, where Mp is a point module over When |(t| = cxd one 

recovers in this manner all four fat point modules of multiplicity 2 over A. 

Proof. We remark that A*^’^ satisfies Hypotheses 3.3.1, in which case we have the tools 
of §3.3 at our disposal. Consider the 16 points in T', which arise from the projection 
to the hrst coordinate of those in (4.1.24). By our assumption on scalars from (4.0.2), 
each of these points has at least three non-zero coordinates. Thus by Proposition 3.3.5 
one can construct 16 fat point modules of multiplicity 2 over A, of the form M^. 

The 16 points we are considering are partitioned into the four G-orbits described 
in (4.2.13). Thus by Corollary 3.3.16 there are precisely four isomorphism classes 
of such fat point modules. When |(t| = 00 , the work in [61] shows that there are 
precisely four isomorphism classes of fat point modules of multiplicity 2. Thus, under 
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that hypothesis we recover each of these classes using the construction of Proposition 
3.3.5. □ 


Remark 4.2.16. Applying the construction of Proposition 3.3.5 to the point modules 
produces behaviour like that explained in Remarks 4.2.11(ii). The right M 2 (A^’^)- 
module becomes isomorphic to the direct sum M^. upon restriction to A. 

Let p G P'. Proposition 4.2.15 allows us to associate a 2-torsion point cufp] G E 
to p. Thus denotes the fat point module over A which is isomorphic to the 

restriction of the M 2 (A'^’^)-module M^g for all g E G. 

Let us also introduce the notation Np := A^'^/Ip fl Ip<t, for points p G P' such that 
p^ 7 ^ p. These right A'^’^-modules were studied in §4.2.1. Although such modules are 
not 1-critical — as we observed after the proof of Proposition 4.2.7 — one can use 
them to recover fat point modules over A. 


Corollary 4.2.17. Assume that |(t| = cxd and let p G P' have order 2 under 0. When 
regarded as a right A-module by restriction, the M 2 (A‘^’^)-module (Ai0[l]>o)^ has a 
critical composition series of length 2. Both of the composition factors are isomorphic 
to the fat point module F(a;|^j). 


Proof. Consider the following chain of M 2 (A^’^)-submodules of (A'0[l]>o)^: 




Ip C Ip4 


[1]>0 


D 


ip 


[ 1]>0 


2 0 . 


(4.2.18) 


Recall from the proof of Lemma 4.2.6 that A^f = Ip + Ip 4 >. Using this fact and the 
second isomorphism theorem for modules, the middle term in (4.2.18) can be rewritten 
as follows: 



By Proposition 4.2.3 this module is isomorphic to as a right M 2 (A^’^)-module. 
The other factor of the chain of submodules in (4.2.18) can be seen to be isomorphic 
to by using the third isomorphism theorem and Proposition 4.2.3 once again. 
Lemma 4.2.12 implies that p*^ G [p], since p"^ = p® for the group element g associated 
to the orbit [p]. 

One can therefore use Proposition 4.2.15 to conclude that, on restriction to modules 
over A, both of the factors of the chain in (4.2.18) are isomorphic to a fat point module 
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of the form Thus the chain in (4.2.18) is a critical composition series for 

(7Vp[l]>o)^ of length 2 . □ 

We have seen in Propositions 4.2.10 and 4.2.15 that by taking direct sums of point 
modules over A and A*^'^ we can recover fat point modules of multiplicity 2 over the 
other algebra. The next result shows that this relationship is reciprocal - direct sums 
of fat point modules over one algebra decompose as direct sums of point modules on 
restriction to the other algebra. 

Proposition 4.2.19. Assnme that |(t| = cxd. 

(i) Let p E E and u G E 2 . On restriction to a module over A = M 2 {A^'^)^, one 
has 

(ii) Now let p G T'. The M 2 (A)-module is isomorphic npon restriction to 

A'^'^ to the direct snm manner one recovers all 16 point 

modules of A^’^ associated to points in T'. 

Proof. One can prove both (i) and (ii) by a direct application of Proposition 3.3.11. 
We elaborate the argument with respect to the hnal statement of (ii). This holds 
because each G-orbit [p] C P' corresponds nniqnely to a fat point modnle F(a;|^j)^ over 
A by Proposition 4.2.15. Proposition 3.3.11 then implies that taking a direct snm of 
this fat point module and restricting returns the A'^’^-module 0 ggG'Tfp 9 . □ 

We can now prove that the point scheme of A^’'^ consists of precisely 20 points. 

Theorem 4.2.20. Assnme that |(t| = cxd. Then P, the point scheme of A'^’^, has the 
form 

P = P'U { 60 , 61 , 62 , 63 }. 

Thus P contains 20 points, each of which has mnltiplicity 1. 

Proof. Snppose that Mp is a point module over where p G P|. We claim that 

if p 7 ^ Cj then at least three coordinates of p are non-zero. To see this, consider the 
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following manner of expressing the multilinearisations in (4.1.20): 

—Vll Uoi —OiV2l 

nil t^oi -t'si -V21 

-V21 -(Ivzi noi llvii 

V21 -vi,i noi -nil 

-nai -7n2i 7nii noi 

t^ 3 i V21 nil t^oi 

We know that {p,p'^) is a solution to these equations, i.e. (p,p‘^) G r 2 . Furthermore, as 
0 is an automorphism this is the unique point q ET 2 for which p = 7ri{q). In particular, 
this implies that when the coordinates of p are substituted into the left-hand matrix 
in (4.2.21), that matrix must have rank less than or equal to 3. 

Suppose, therefore, that two coordinates of p are zero. We may assume that the 
remaining two coordinates are non-zero, otherwise p would be one of the four points 
of the form Cj. Recall that we have assumed that {q;,/9 ,7} fl {0,±1} = 0. This 
assumption implies that the matrix in (4.2.21) has rank at least 4, regardless of which 
two coordinates of p are zero. Thus we may assume that at least three coordinates of 
p are non-zero. 

The construction of Proposition 3.3.5 shows that is a fat point module of 
multiplicity 2 over A. But when |(t| = cxd there are only four such modules up to 
isomorphism, hence we know that must be isomorphic to one of them. Proposition 
4.2.19 implies that there exists some point z & T' for which = F(a;|^]) as right A- 
modules. 

Applying Proposition 3.3.11 to produces the right A'^’^-module 0ggG'Afp9. 

Using the decomposition of the right A^’^-module (F(a;|^j))^ from Proposition 4.2.19, 
we must have an isomorphism 

Mps = (4.2.22) 

gdG gdG 

of right A'^’^-modules. But by [58, Proposition 1.5] the factors in a critical composition 
series of a f.g. N-graded module of GK dimension 1 are unique up to permutation and 
isomorphism in high degree. 

That result applies to the modules in (4.2.22), hence we may conclude that n{Mp) = 
7r{Mzg) in qgr(A‘^’^) for some g E G. This implies the existence of n G N such that 
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Mp 4 ,n = in gr(/l'^’^). Since F parameterises isomorphism classes of point 

modules over A^'^ and 0 is an automorphism, we may conclude that p = z^. 

To hnish the proof, observe that Proposition 2.1.32 implies that each of the 20 
points in F has multiplicity 1. □ 

Recall the discussion in §2.1.3 regarding algebras with a 0-dimensional point scheme 
and a 1-dimensional line scheme being determined by this data. Propositions 4.2.1 
and 4.2.20 imply that A^’^ is a desirable AS-regular algebra to study in light of its 
associated geometry. 

Figure 4.2.23 illustrates the behaviour of 1-critical modules of small multiplicity 
over A and A'^’^ that we have uncovered in §4.2.2. We write := E/G to denote the 
orbit space of E under the group action - this will be shown in Lemma 5.3.10 to be an 
elliptic curve. Bold points and lines represent modules of multiplicity 2, while those 
which are in regular font represent modules of multiplicity 1. The isomorphisms above 
right-pointing arrows arise by restricting M 2 (A)-modules to A^'^, whereas those above 
arrows pointing to the left arise by restricting M 2 (A‘^’^)-modules to A. For example, 
the top right-facing arrow illustrates the construction of fat point modules over A^’^ 
given in Proposition 4.2.10, while the left-facing arrow directly below it refers to the 
‘reverse process’ of Proposition 4.2.19. 
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grmodi.„it(A) 







■ Af| a 



■ M2 ^ m2 

^3 ^3 


Figure 4.2.23: 1-critical modules of small multiplicities over A and A*^'^ 



Chapter 5 


Twisting a factor ring of the 
Sklyanin algebra 


The 4-dimensional Sklyanin algebra A{a, jS, 7) contains two central elements of degree 
2; this is proved in [60, Corollary 3.9], with such elements having the form 

(5.0.1) 

The same result shows that there is a isomorphism between the ring obtained 
by factoring out the ideal generated by these two central elements and the twisted 
homogeneous coordinate ring B{E, C, a). Recall that E is a smooth elliptic curve, £ ; = 
Ob( 1) a very ample invertible sheaf with 4 global sections, and a an automorphism of 
E given by translation by a point. 

In this chapter we will assume the following hypothesis, which we highlight to 
avoid repetition. We remark that there are no known conditions on the parameter 
triple (q;,/9 ,7) which imply that it is true. 

Hypothesis 5.0.2. The automorphism a has inhnite order. 


:= —x\ 


I 2 I 2 I 2 
+ 2^1 + 2^2 + ^ 3 ) 


VLo ■ = 


x\ + 


1 T o 


Since a is given by a translation by a point, under Hypothesis 5.0.2 there are no 
points hxed by a. The ring B{E,C,a) will be denoted by B whenever there is no 
ambiguity in doing so. 

The aim of the chapter is to investigate a twist of B related to the twist that we 
studied in Chapter 4. The twist — which we denote by B'^’^ — is shown in Theorem 
5.1.5 to be Auslander-Gorenstein and Cohen-Macaulay. We then establish the centre 
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of the twist in Proposition 5.1.10, which allows us to determine the centre of A'^’^ 
in Corollary 5.1.11. The main result of this chapter appears in §5.3, in which we 
study in terms of Artin and Stafford’s classihcation of noncommutative curves; 
Theorem 5.3.9 describes the twist in terms of geometry, and this description allows us 
to determine the irreducible objects in qgr(i?‘^’^) in Proposition 5.3.24. 


5.1 Properties of the twist 

In this section we give some elementary properties of Let us consider the grading 
dehned on A by (4.1.2). The two central elements exhibited in (5.0.1) are homogeneous 
with respect to both this grading and the N-grading. This means that the cocycle twist 
performed in §4.1 can also be applied to B. In addition, fli and f22 he in the identity 
component of the G-grading. Using Lemma 3.2.1 we can see that these elements must 
remain central and regular in the twist. In fact, we can say more: by [60, Theorem 
5.4] f2i and f22 form a regular sequence of central elements in A. Applying Lemma 

3.2.1 to successive factor rings shows that this remains true for ©i and ©2 in A^'^. 
From the discussion of the previous paragraph, the following lemma is straightfor¬ 
ward. 


Lemma 5.1.1. The degree 2 elements 


r\ 2,2,2 2 

©1 .— —Vq + Vi + V 2 — v^, 


©2 :— Vi -\- 


/1 O' 

VW 



(5.1.2) 


in are central and form a regular sequence. Moreover, there is an isomorphism 
of /c-algebras 


_ B{E,C,(Tf’^^ = 




(fll, 122 


( 01,02 


(5.1.3) 


Proof. To complete the proof we only need to apply Lemma 3.2.2 to A{a,/3,'j) and 
the ideal (12i,122). This conhrms that the isomorphism in (5.1.3) holds. □ 


Remark 5.1.4. Since A^’^ is generated in degree 1, the isomorphism in (5.1.3) implies 
that B^’^ must share this property. This fact will be crucial in the proof of Theorem 
5.3.9 later on. 


We will now prove that the twist has several further properties. Note that the 
result holds regardless of Hypothesis 5.0.2, which is assumed throughout this chapter. 
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Theorem 5.1.5. has the following properties: 

(i) it is universally noetherian; 

(ii) it has GK dimension 2; 

(iii) it is Auslander-Gorenstein of dimension 2; 

(iv) it satisfies the Gohen-Macaulay property; 

(v) it is Koszul. 

Proof. For (ii), observe that Lemma 3.2.4 implies that GKdim(i?'^’^) = GKdim(i?), 
with the latter being equal to 2 by [9, Proposition 1.5]. To prove (iv) we note that A 
is Gohen-Macaulay and therefore so is B by [34, Gorollary 6.7]. Applying Proposition 
3.2.42(i) shows that B^'>^ is also Gohen-Macaulay. 

By Theorem 4.1.6, has properties (i) and (iii), therefore it suffices to show 
that these two properties are preserved by going to the factor ring. Lemma 5.1.1 shows 
that ©1 and ©2 form a regular sequence of normal elements in B^’'^, in which case 
using [4, Proposition 4.9(1)] shows that (i) is true. Applying [34, Theorem 3.6(2)] 
twice proves (iii). Finally, B is Koszul by [63, Theorem 3.9]. Using Proposition 3.2.31 
shows that this is also true for B^’'^. □ 

Remark 5.1.6. Whereas R is a domain — which follows from the irreducibility of E 
— B^'^ contains nilpotent elements in degree 1. Let v = vo — ivi — iv 2 — v^. One can 
compute by hand or using the computer program Affine that 

= -©1 - if2 - ifi - fe = 0- (5.1.7) 

Since belongs to the relations of B^'^ (which are G-invariant), so must — 
{v'^y for all g E G. Thus the other elements in the same G-orbit as v are also nilpotent. 
Guriously, these elements are linearly independent and therefore they generate A^’^ 
as an algebra. In that ring the square of each generator is central, since only terms of 
the form ff vanish in (5.1.7). 

The fact that B^'^ is not a domain illustrates that Zhang twists do not necessarily 
preserve this property (see Remark 3.2.29 for more discussion on this point). 
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While it may not be a domain, is prime - this will be proved in Corollary 
5.3.21. We are not in a position to prove this yet, however we prove that is 

semiprime in the next result. The following definition is needed beforehand: given a 
ring R on which a finite group G acts by ring automorphisms, we say that R has no 
additive \G\-torsion if the |G|r 7^ 0 for all r G i?. 

Proposition 5.1.8. B'^'^ is semiprime. 

Proof. As it is a matrix ring over a domain, M2 (5) is certainly semiprime. Note that 
char(A;) f IGj, hence |G| G k acts faithfully on M 2 {B) and thus there is no additive 
IGl-torsion. Since B^’'^ = M 2 {B)^, one can apply [41, Corollary 1.5(1)] to obtain the 
result. □ 

The next result of this section will show that the centre of B^’^^ is trivial. As a 
consequence we can determine the centre of A^'^ as well. To do so we will need to use 
the following property. 

Definition 5.1.9 ([48, Introduction]). A /c-algebra A is projectively simple if for any 
two-sided ideal of A, I say, one has dimfc(A//) < 00 . 

The ring B is projectively simple when a has infinite order by [48, Proposition 0.1]. 
Let us now determine the centre of B'^’^. 

Proposition 5.1.10. The centre of B^’^ is trivial, that is Z{B'^’^) = k. 

Proof. Suppose that / G Z{B^’^). We can assume without loss of generality that / is 
homogeneous with respect to both the N-grading and the G-grading: the homogeneous 
components (with respect to either grading) of a central element must also be central. 
Assume further that it has strictly positive N-degree. We can untwist the factor ring 
B^'^/{f) to obtain B/{f'), where /' is normal by Proposition 3.2.1. Moreover, /' is 
regular since B is a domain, hence / is regular in B^'^ by the same result. One may 
therefore apply [34, Lemma 5.7], which implies that GKdim B/{f') = GKdim B — 1. 
By [9, Proposition 1.5], B has GK dimension 2, hence GKdim B/{f') = 1. However, 
B is projectively simple as noted prior to the proposition, therefore by definition any 
factor ring must be finite-dimensional. This contradiction implies that Z{B^'^) = 
k. □ 
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Corollary 5.1.11. The centre of is Z{A^'^) = A;[0i,02]. 

Proof. We will follow the method of [35, Proposition 6.12], Lemma 5.1.1 shows that 
jg obtained from A^'^ by factoring out the ideal (0i, 02), while Proposition 5.1.10 
implies that = k. Combining these facts together enables one to conclude 

that Z{A^’^) <Z k + (01, 02). 

Our next step is to show that Z(A‘^’^/(0i)) = /i;[02] where, once again, knowledge 
of the centre of 5*^’^ tells us that Z{A^'^/{Qi)) <Z k + (02)- Suppose that the centre 
strictly contains k[Q 2 \ and choose a central element w ^ k[Q 2 \ of minimal degree. We 
can write w = Q 2 W' for some w' of strictly smaller degree. Appealing to Proposition 
3.2.1 we know that ©2 is regular and therefore w' must also be central. Since it is of 
lower degree than w we must have w' G k[Q 2 ], which gives a contradiction. 

Now let G Z{A^’'^) be homogeneous of minimal degree such that ^ ^[©i, 02]- 
By the previous paragraph, 2: = Qiy + f for some y G A^'^ and / G k[02\. Note that 
Qiy and / have the same degree as 2: if they are non-zero. Since and / are central, 
Qiy must be too. As argued in the previous paragraph, ©i is regular which implies 
that y is central as well. But y has strictly lower degree than ;2, contradicting our 
original assumption. □ 

Corollary 5.1.11 allows us to show that A^'^ is not isomorphic to one of the pre¬ 
viously discovered examples of AS-regular algebras with 20 point modules. Since we 
have used the computer program Affine in the proof, the result holds only for generic 
parameters values. 

Theorem 5.1.12. Assume that a 4-dimensional Sklyanin algebra A{a,l3,'y) is asso¬ 
ciated to the elliptic curve E and automorphism a, with |(t| = cxd. Then for generic 
parameters a, fl and 7, A(a, (3, 7)*^’^ is not isomorphic to any of the previously studied 
examples in the literature of AS-regular algebras of dimension 4 with 20 point modules. 

Proof. As remarked in [31, §4], graded Clifford algebras are hnite over their centre. By 
Corollary 5.1.11 the centre of A^’^ has GK dimension 2, and one can then see from [30, 
Proposition 5.5] that cannot be hnite over its centre. Thus A^'^ is not a graded 
Clifford algebra. It therefore suffices to consider the algebras studied in Examples 5.1 
and 5.2 from [18], since they encompass the remaining examples in the literature that 
are not hnite over their centre (see [53]). 
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Let us begin with the algebras in [18, Example 5.1], letting k he a held of charac¬ 
teristic 0. Over k, the algebras in question are generated by four degree 1 elements 
Xi,X2,X3 and x^, subject to the dehning relations 

x^xi — ixiXi, x‘l — x\, xzXi — xiXz + X2, 

X3X2-iX2X3, xl-xl, X4^X2 - X2X4^ +'^xl, 

where R = —1 and 7 G We follow Cassidy and Vancliff’s notation and denote such 
an algebra by ^(7). If 7 = ±2 then ^(7) does not have 20 point modules, therefore let 

us assume that 7 7^ ±2. Computer calculations show that the elements xf and are 

central in ^1(7). Moreover, there are no nontrivial central elements of smaller degree. 
By Corollary 5.1.11 there are three central elements of degree 4 in A^'^, namely Of, 
©2 and 0102- If there was an N-graded isomorphism A(7) = A^’^ then either xf or 
would map to some 0^. But there are no central elements of degree 2 in ^(7), which 
is a contradiction. 

It remains to deal with the algebras studied in [18, Example 5.2]. Once again, such 
algebras are generated over the base held k by four degree 1 elements Xi,X2,X2, and 
Xi, subject to the relations 

xzXi + xix^ — (32x1, x^X2 + X2Xi — xf, x^xi + Xix^ — a2x‘l, 

aixf + ( 3 ixl - x\, X2X3-X3X2, xf-xf. 

Here ai, 0:2,/9i,/52 £ k, with these parameters satisfying the conditions 

02(0:2 — 1) = 0 and {af + al/ 3 i){/ 3 f + / 3 fai) ^ 0. 

One can use the computer program Affine to show that for any choice of parameters 
the following degree 4 elements are central: 

xf, X^, xfxl, {x2Xif + {XiX2y, {x4X3y + {X3X4Y. 

As for the previous class of examples, this contradicts the fact that dimfcZ(A'^’^)4 = 
3. □ 

5.2 Modules over the twist 

We will continue our study of by showing that it does not possess any point 
modules. Further information about 1-critical modules over the twist will be given in 
§5.3 once we have described a geometric construction of it. 
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Although B has point modules parameterised by the elliptic curve E, when the 
associated automorphism a has infinite order can have at most 20 point modules 
by Lemma 5.1.1 and Theorem 4.2.20. We will show in Proposition 5.2.3 that the 
point scheme of B^’^ is empty, although we need a useful, more general preliminary 
result. When applied to point modules it can be used to understand the action given 
in (3.3.8). The lemma uses the notation we introduced in Notation 3.3.6. 

Lemma 5.2.1. Let M be a module over an algebra A, on which a finite group G 
acts by algebra automorphisms. Then Ann^(M®) = 5f“^(Ann^(M)), and the ideal 
Ann^(M®) is G-invariant. In particular, if G acts by graded automorphisms 
then the ideal consisting of elements which annihilate all point modules over A is 
G-invariant. 

Proof. Let a E AnnA(M^). Then for all m E M, ma^ = 0, hence E AnnA{M). 
This implies that a E g~^[Ann a{M)). The other inclusion is proved by the reverse 
argument. By the first part of the result 

Pi AnnA(M^) = p| g~^{Ami a{M)). (5.2.2) 

g&G geG 

Writing the ideal in this manner makes it clear that it is preserved under the action 
of G. 

As we saw prior to Notation 3.3.6, if G acts by N-graded algebra automorphisms 
and M is a point module over A, then is also a point module for all g E G. The 
result is now clear. □ 

Having proved this general lemma we can now return to our standard notational 
assumptions, thus A denotes a 4-dimensional Sklyanin algebra associated to the elliptic 
curve E and automorphism of infinite order a, while G = (G2)^. 

There are two ways to show that the point scheme of B^'^ is empty. The first is 
by abstract arguments and the second is more computational. We relegate the latter 
to Appendix A. 1.1. 

Proposition 5.2.3. B^'^ has no point modules. 

Proof. Let T" denote the point scheme of B*^'^ and suppose that it is non-empty. By 
Theorem 5.1.5(i), B*^'^ is strongly noetherian. We can therefore use [50, Theorem 1.1] 



CHAPTER 5. TWISTING A GEOMETRIC FACTOR RING 


121 


to conclude that there exists a graded homomorphism 

^ (5.2.4) 

that is surjective in high degree, where 0 is an automorphism of F" and is a 0-ample 
invertible sheaf. We know that the point scheme of B^'^ is 0-dimensional, therefore 
by [9, Proposition 1.5] the GK dimension of i?(r", A4,0) must be 1. 

Let I denote the kernel of the map in (5.2.4). Since it is surjective in high degree 
there must exist n G N such that 

^B{W,M,<P)>n, 

>n 

as /c-vector spaces. Thus B^'^/I>n also has GK dimension 1. 

In addition to the existence of the homomorphism in (5.2.4), [50, Theorem 1.1] 
states that I>n consists of the elements of B^’'^ that annihilate all of its point modules. 
By Lemma 5.2.1 this ideal is G-invariant, therefore one can twist the G-grading on 
B^'^/I>n by the 2-cocycle /i. As /i has order 2, upon twisting one obtains a factor ring 
B/T for some ideal I'. The factor ring has GK dimension 1 by Proposition 3.2.16. 

By [5, Theorem 4.4], ideals of B correspond to a-invariant closed subschemes of E. 
Since a is given by translation by a point of inhnite order on E, there are no nontrivial 
such subschemes. Thus /' must equal 0 or have hnite codimension in B. In either 
case we get a contradiction: in the former because B has GK dimension 2, and in the 
latter because B/T would be hnite-dimensional. □ 

We saw in Remark 5.1.6 that B^’^ contains zero divisors. The existence of such 
elements could also be proved using the previous proposition and [5, Thm 0.2] as 
follows. The latter result implies that if B*^'^ were a domain then there would be 
an equivalence of categories qgr(il'^’^) ~ coh(y) for some projective curve Y. But 
this would mean that B^'^ had a family of pairwise non-isomorphic point modules 
parameterised by K, contradicting the conclusion of Proposition 5.2.3. 

While B^'^ does not possess any point modules when a has inhnite order, it does 
have a family of fat point modules of multiplicity 2 parameterised by G-orbits on E. 
As we will see in Proposition 5.3.24, such modules arise as the restriction to B^'^ of 
M2(i?)-modules of the form M^, where Mp is a point module over B. 
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5.3 Structure in relation to Artin-StafFord theory 

In this section we discuss from the viewpoint of Artin and Stafford’s classihcation 
of noncommutative projective curves in [5] and [6]. In the hrst of these papers the au¬ 
thors classify connected graded /c-algebras which are noetherian domains of quadratic 
growth using geometric techniques. This classihcation is extended in the latter paper 
to semiprime algebras. 

By Theorem 5.1.5 and Proposition 5.1.8, is a c.g. semiprime noetherian alge¬ 
bra of GK dimension 2. Thus we can study it from the viewpoint of the classihcation 
in [6]. Although a priori we only know that this ring is semiprime, it will be shown 
Corollary 5.3.21 that it is in fact a prime ring. Thus we will only describe the geometry 
needed in the prime case, since that will be sufficient for our needs. 

5.3.1 Geometric data and twisted rings 

Our hrst task is to dehne the geometric rings that feature in the classihcation. To this 
end, consider a projective curve Y over k, whose function held K has transcendence 
degree 1 over the base held. As we will describe at the end of §5.3.1, it is perhaps more 
natural in our situation to obtain such a held K as the graded division ring of a prime 
noetherian algebra (along with some extra conditions) and then use [25, Chapter I, 
Corollary 6.12] to recover the curve Y. 

Now let T be a central simple A'-algebra that is hnite-dimensional over K. The 
structure sheaf Oy is a subsheaf of the constant sheaf of rational functions on Y, 
namely K, therefore the sections of Oy lie inside K. Since K G T such sections are 
also contained in T . 

Definition 5.3.1 ([6, pg. 75]). We say that C is an Oy-lattice in T if it is a sheaf of 
hnitely generated (Ty-submodules of T for which CK = T. 

When the term lattice is used in future we will mean the term in the sense of this 
dehnition. Given such a lattice, one can dehne the left and right orders of C by 

E{C) = {q; G T : aC C £} and E'{C) = {a G T : Ca C £}, 


respectively. 



CHAPTER 5. TWISTING A GEOMETRIC FACTOR RING 


123 


A lattice is said to be invertible if it is a locally free left i?(£)-module of rank 
1. Lemma 1.10 from [6] implies that an invertible lattice is also a locally free right 
i?'(£)-module of rank 1. 

A crucial point for us is that for invertible lattices C and Ai the product lattice 
CAi — where the product takes places inside T — is isomorphic to the tensor product 
C <^e{m) ^ if = E{Ai). Following the notation in [6], we will denote such a 

tensor product by C ■ Ai. 

We can now introduce some more geometric objects that will be needed. Let 8 be 
a coherent sheaf of Oy-orders inside T, r an automorphism of T, and Bi an invertible 
lattice in T such that E{Bi) = 8 and E'{Bi) = 8'^. One can then dehne a sequence 
of sheaves {Bn} by Bn = Bi Bl C)£r ... Bl" \ The conditions on E{Bi) and 

E'{Bi) imply that Bn = Bi ■ Bl ■ ... ■ Bl" \ Using this data one can define a sheaf of 
bimodule algebras M{8 ,Bi,t) = 0neN with Bq = 8 and multiplication given by the 
formula Bi ■ Bf" = Bi^j for all f, j > 1 (see [6, pg. 102]). 

There is a notion of ampleness for sequences of sheaves such as {Bn}, and this 
condition plays the same role for the twisted rings we will construct as a-ampleness 
does for twisted homogeneous coordinate rings. While one can make such a dehnition 
in the context of coherent left £^-modules, by [6, Lemma 6.1] one can reduce to the 
more familiar definition stated below. 

Definition 5.3.2 ([6, pg. 99]). Let {Cn} be a sequence of coherent (Ty-modules. The 
sequence {Cn} is ample if for all coherent sheaves Q of Oy-modules and all n 3> 0, the 
sheaf Q C)Oy is generated by global sections, and H^iY, Q ®Oy ^n) = 0. 

A priori we will not know that the sequence of sheaves we work with is ample, but 
this is not a problem as we discuss in Remark 5.3.19. 

Suppose now that Bi is an invertible lattice such that E{Bi) = 8, E'{Bi) = 8'", 
and the sequence of sheaves {Bn} dehned above is ample in the sense of Dehnition 
5.3.2. We say that Bi is an ample lattice. One does not need an ample lattice to 
construct the rings in the next dehnition, however this condition does imply that the 
objects constructed are noetherian. The rings in question are formed by essentially 
taking global sections of sheaves of bimodule algebras. In the dehnition we use the 
ideas discussed in Remark 2.1.7, which allow us to view the twisted multiplicative 
structure in a more concrete setting. 
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Definition 5.3.3 ([6, pgs. 103-104]). Let Y, r, 8 and {Bn} be as above. The gener¬ 
alised twisted homogeneous coordinate ring associated to this data is the ring 

B(£,ei,T) = 0/f»(y,e„)2", 

ncN 

whose the multiplication is induced by that in the corresponding sheaf of bimodule 
algebras, i.e. zl3 = 

Such rings were originally studied in [71], although Van den Bergh’s definitions 
differ slightly. For brevity we will refer to such rings as twisted rings in future. 

Artin and Stafford’s main results need several technical hypotheses, however we 
can summarise them in a simplified case. 

Theorem 5.3.4 (cf. [6, Theorems 0.3 and 0.5, Corollary 0.4]). Suppose that R is 
a semiprime noetherian c.g. algebra of GK dimension 2. Then there is a Veronese 
subring of R which in high degree is a left ideal in a twisted ring for which Bi is an 
ample lattice. Moreover, this twisted ring is a finite left module over the Veronese ring 
of R. 

The geometric data needed to construct such a twisted ring from R is obtained 
in part from certain divisors associated to the graded components i?„, generalising 
the methods of [5]. One piece of data that is easy to recover is the curve V, and we 
now indicate in the prime case how one can do this. Let R be as in Theorem 5.3.4, 
with the additional hypotheses of being prime and generated in degree 1. As we saw 
in §2.3, such a ring has a graded quotient ring Qg^{R) = Mn{D)[z, z~^]t]. Define 
K := Z{Mn{D)) = Z{D). By [5, Theorem 1.1], K has transcendence degree 1 over 
k when the base field is algebraically closed. Using [25, Chapter I, Corollary 6.12] 
enables one to associate K to a unique smooth projective curve over k by considering 
the set of all discrete valuation rings inside K. 

We will show that fits into the classification in a particularly nice way, in the 
respect that it is isomorphic to a twisted ring. Another nice feature in our situation 
is that 8 = 8'^, which is not true in general. 

5.3.2 A geometric description of the twist 

To obtain a geometric description of we first go back to B. By [62, Proposition 
2 .1], this ring embeds in the Ore extension k{E)[z, z~^; a], which is its graded quotient 
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ring. The function field k{E) is the graded division ring of the homogeneous coordinate 
ring of the elliptic curve, dehned in (4.2.9). 

The action of G on i? extends in a natural way to an action on k{E)[z, z~^] a] by 
Z-graded algebra automorphisms, where for all a,b & B with b 

homogeneous and g E G. This action induces a G-grading on the localisation under 
which B is a G-graded subring. 

As shown in §2.3, one can replace the skew generator 2 ; with another element in 
k{E)z up to changing a by a conjugation. In our situation k{E) is a held and so any 
conjugation is trivial. Moreover, Bi C k{E)z and Xq E BiD B^, hence we can assume 
that is hxed by the action of G without changing a. 

Note that the action of G preserves the skew structure of k{E)[z, z~^] a]. Indeed, 
for all / G k{E) and g E G we have 


o = {zf- rzY = z^p - iryz^ = zf^ - {ryz 


{{fr - {ry)z. 


We highlight for future reference that for all / G k{E) one has 


= iry- ( 5 . 3 . 5 ) 

As [25, Chapter I, Theorem 4.4] shows, an algebra automorphism on k{E) induces 
a unique automorphism on the curve itself. By (5.3.5) the induced actions of G and a 
must also commute on E. 


Lemma 5.3.6. This action of G on i? coincides with that induced by the action on 
point modules of A, given in (3.3.8). 

Proof. Both actions are a consequence of the action of G on 5; one by localisation, 
the other through the action on ideals dehning points in P|. □ 

This lemma, in conjunction with Proposition 4.2.10, allows us to extend the con¬ 
clusions of that proposition to qgr(A‘^’^). 

Corollary 5.3.7. Let p,q E E. There is an isomorphism 7r(Mp) = 7r{M^) in qgr(A'^’^) 
if and only if g G [pj. 

Proof. By Corollary 3.3.16 one has = M^g in grmod(A‘^’^) for all g E G. Thus 
suppose that 7i{Mp) = 7r(Mg) for some p,q E E. As in the proof of Proposition 4.2.10, 
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this implies the existence of n G N such that Corollary 3.3.16 then 

tells us that a^{p) and he in the same G-orbit. By (5.3.5) and Lemma 5.3.6 the 
actions of G and a on E commute, therefore p and q lie in the same G-orbit, which 
completes the proof. □ 

As 5 is a G-graded subring of its graded quotient ring, we can twist both rings 
simultaneously and use the invariant ring construction to see that 

= M2{Bf ^ M2{k{E)[z,z-^-,a]f = M2{k{E)f[z,z-^-,f], (5.3.8) 

where f denotes the induced action of a. Here we have used the fact that G acts 
trivially on ; 2 . 

This embedding suggests that M 2 {k{E))^ plays a role in governing the underlying 
geometry of the algebra. Indeed, this is the case as our main result shows. 

Theorem 5.3.9. There is an isomorphism of /c-algebras 

= B{£, Hi, f) = 0 H^{E^, Bn)z^ C M2{k{E)f[z, z-^;f], 

nGN 

for the following geometric data: 

(i) an elliptic curve E'^ := E/G, with r the action induced by a, along with the 
morphism of curves r : E ^ E^ sending p i—)■ [p]; 

(ii) £ = M 2 {r\OE)^, a sheaf of (T£;G-orders inside M 2 {k{E))^ on which the auto¬ 
morphism f acts. This automorphism restricts to the induced action of r on 
k(E°\, 

(hi) Hi = M 2 {r^C)^, an invertible lattice in M 2 {k{E))^, where C is as dehned after 
(5.0.1). 

Since the proof of Theorem 5.3.9 is quite technical, we will first prove several 
preliminary lemmas. Note that the sheaf £ is dehned on an open set U C E^, with 
V = r-\H), by 

£(H) := [M2{r,OEf] iU) = M2{{uOE){U)f = M2{OE{y)f. 

Sheaves of invariant objects are discussed in [36, Exercises 2.2.14, 2.3.20 and 2.3.21] 
for example. 
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Before stating the first lemma, recall that a is given by translation by a point of 
inhnite order on E. 

Lemma 5.3.10. Dehne E^ := E/G, the orbit space of E under the action of G. Then 
E*^ is a smooth elliptic curve, with an associated automorphism r that is induced by 
a. Furthermore, r has inhnite order and does not hx any points. 

Proof. The orbit space E'^ is the curve associated to the hxed held k{E)^, which has 
transcendence degree 1 over k. In particular we have k{E^) = k{E)^. As remarked 
after (5.3.5), the actions of G and a commute on E. One may therefore conclude that 
there is an induced action of a on E^. Denote this map by r, which is dehned by 
\pY •= [vY for all p E E, and suppose that r has a hxed point [p]. Since [p] contains 4 
or fewer points and a is given by translation, this implies that a has hnite order which 
is a contradiction. A similar argument proves that r has inhnite order. 

Let us now show that E^ is smooth. The singular locus of E^ must be hnite 
and preserved by r. If it were non-empty then this would imply that a has hnite 
order, which is a contradiction. One can now apply Hurwitz’s Theorem [25, Chapter 
IV, Corollary 2.4] to see that E^ has genus 0 or 1; if it had genus 0 then it would 
be birationally equivalent to P^, whose automorphisms always hx at least one point. 
Thus E^ must have genus 1 and hence be an elliptic curve. □ 

Before our next lemma we need to dehne outer and X-outer actions of a group. 
Our statement of the latter property is given for prime Goldie rings, in which case [41, 
Examples 3.6 and 3.7] allow us to give the formulation below. 

Definition 5.3.11. Let G be a hnite group acting by ring automorphisms on a ring 
R. We say that G is outer if no nontrivial element of G acts by conjugation by an 
element of R. If, in addition, we assume that R is prime Goldie, we say that G is 
X-outer on R if it is outer when extended to the Goldie quotient ring Q{R). 

Lemma 5.3.12. The group G is outer on M 2 {k{E)) and therefore X-outer on the ring 
M 2 {OE(y)) for each G-invariant affine open set V C E. Consequently, M 2 ((T_b(V))'^ 
is prime. 

Proof. Recall that the action of G on M 2 (A;) is given in (1.1.2). The action of G on 
A induces the G-grading in (4.1.2). This means that the action of G on the degree 
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1 component of the factor ring B = A/{Qi,Q 2 ) affords the regular representation. 
Note that k{E) is graded division ring of B (by [62, Proposition 2.1] for example). 
Combining these facts, we observe that each graded component of k{E) under the 
induced G-grading is non-empty. Hence we can find a non-zero element y G k{E)g^, 
in which case: 




Suppose that this action were given by conjugation by (“ ^) G M 2 {k{E))\ 


-y 

0 




1 

ad — be 




(5.3.13) 


Certainly we would need 6 = c = 0 for the correct entries of the matrix to vanish. But 
then (5.3.13) would reduce to 


f-y _ fy 

yo oj \o oj 


(5.3.14) 


which is a contradiction. 

We must repeat these calculations for the other two non-identity elements in the 
group. For g = g2 or gig2, choose a non-zero element y' G k{E)g^. In both cases we 
have 

/y' oV ^ /o 0 \ 

yo oj -yj' 

Using the conjugation in (5.3.13), one can see that a = d = 0 must hold in order 
that the correct entries of the matrix vanish. However, regardless of the values of b and 
c chosen, the conjugation does not coincide with the group action. Thus the actions 
of g 2 and gig 2 do not arise from conjugation in M 2 {k{E)) either. 

Now consider a G-invariant affine open set U C U and M 2 (G_b(U)). As Oe(V) is a 
domain it is clear that M 2 (G£;(U)) is prime. Furthermore, it has Goldie quotient ring 
M 2 {k{E)), on which the action of G is outer by the argument above. By Dehnition 
5.3.11 the action of G must be X-outer on M 2 {OE(y)), whereupon we may apply [41, 
Theorem 3.17(2)] to show that M 2 {Oe{V))^ is a prime ring. □ 
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We may now define the sheaf of orders which will be needed for the geometric 
description of 

Lemma 5.3.15. Dehne S := M 2 {r*OE)^, which is considered as a subsheaf of the 
constant sheaf M 2 {k{E))^. Then 

(i) the natural action of a on M 2 {k{E)) restricts to an automorphism f on S, with 
f restricting to the induced action of r on k{E^); 

(ii) T is a sheaf of Dedekind prime rings and therefore a sheaf of maximal orders. 

Proof. The automorphism a extends naturally from k{E) to M 2 {k{E)) under the triv¬ 
ial action on the matrix units. Since this automorphism commutes with G, it restricts 
to an automorphism f on S. It follows from the construction that the action of f on 
k{E)^ coincides with that of r. 

To prove (ii), let U C E^ be an affine open set with V = r~^([/). The open set 
V C E is G-invariant, hence T([/) = M 2 (Ob(V))^ is prime by Lemma 5.3.12. As G 
acts on OEiy) by /c-algebra automorphisms, one can view £{U) as a cocycle twist of 
the form where G = {G 2 Y and /i is the same 2-cocycle as used to twist 

B. Consequently, we have the results of Chapter 3 at our disposal. In particular, 
Oe{V) is noetherian and has global dimension 1 since E is a smooth curve, therefore 
we may apply Corollary 3.2.12 and Proposition 3.2.18 to see that S{U) is a hereditary 
noetherian prime (HNP) ring. 

We will now show that S{U) contains no idempotent maximal ideals, which by 
[40, Proposition 5.6.10] will imply that it contains no nontrivial idempotent ideals. 
The existence of idempotent maximal ideals is a local condition: given a sheaf Ai of 
maximal ideals of S, the sheaf 8/At is supported at a single point p G E'^, and the 
stalk Aip is an idempotent maximal ideal of Sp if and only if A4{V) is an idempotent 
maximal ideal of SiV) for an affine open set V 3 p. 

Let ljr=i affine open cover of E^ for some n G N, which gives rise to 

a corresponding cover lj”^i Id of by G-invariant open sets with Id = r“^(Ld). As 
the rings 8{Ui) C M 2 {k{E)) are PI and noetherian, they can have at most hnitely 
many idempotent maximal ideals by [40, Theorem 13.7.15]. By the remarks of the 
preceding paragraph, there can be at most hnitely many idempotent maximal ideals 
in the totality of the stalks of 8. We know that r has no hnite orbits on E^. This 
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means that if a stalk Sp contains an idempotent maximal ideal Alp, then there are 
inhnitely many other stalks with such an ideal, of the form f"'(Alp) for n G N. This 
is a contradiction. 

Now we may apply [40, Theorem 5.6.3] to S{U): it contains no nontrivial idempo¬ 
tent ideals and therefore it is a Dedekind prime ring. In particular, condition (ii) of 
Theorem 5.2.10 op. cit. implies that S{U) is a maximal order. □ 

Lemma 5.3.16. Dehne Bi := M 2 {r^C)^ which, like S, is considered as a subsheaf of 
the constant sheaf M 2 {k{E))^. Then 

(i) Bi is an invertible OgG-lattice; 

(ii) S is coherent sheaf of maximal (T£;G-orders for which S = T’’; 

(in) T = E{Bi) = E'{B,). 


Proof. We hrst show that Bi is an OEG-\aXtice. To do this we need to prove that 
M 2 {k{E))^ = Bi ■ k{E^), where it suffices to work at the level of the global sections 
of Bi- Observe that the embedding in (5.3.8) sends to M 2 (H°(i?, C))^z, which is 
precisely , Bi)z since 


H%E^,B,) = [M2(r,£)^] (E^) = M2{C{E)f = M2{H^{E,C)f. 


Thus ll^{E'^,Bi) contains the elements 








(5.3.17) 


where Xq,Xi,X 2 and x^ are the degree 1 generators of B. The elements in (5.3.17) are 
linearly independent over k{E^). But M 2 {k{E))^ is a 4-dimensional vector space over 
k{E^), which implies that M 2 {k{E))^ = Bi ■ k{E^) must hold and therefore Bi is an 
C>£;G-lattice. 

Notice that Bi is an T-module on the right since 


M2irXf ■ M2{r,OEf C M2(r*£ ■ r*C>s)^ C M2{r-,Cf. 


In particular, one has 8 C E'{Bi). One may argue in a similar manner for left modules 
to see that 8 C E{Bi). Applying [40, Lemma 3.1.12(i)] shows that the orders E{Bi) 
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and E'{Bi) are equivalent to 8. However, we showed in Lemma 5.3.15 that is a 
sheaf of maximal orders, therefore we must have 8 = E{Bi) = E'{Bi). By [6, Lemma 
l.lO(i)], 8 must be a coherent sheaf of C>£;G-modules. The equality 8 = 8'^ follows 
from Lemma 5.3.15(i). 

Finally, we show that Bi is invertible over 8. Note that Bi is generated by its 
global sections (since C is), therefore Bi is a sheaf of f.g. modules over 8. Since 8 
is a sheaf of Dedekind prime rings by Lemma 5.3.15, [40, Lemma 5.7.4] implies that 
Bi C M 2 {k{E))^ must be a sheaf of torsionfree, projective modules contained in the 
Goldie quotient ring of 8. These facts imply that it must be an invertible lattice. □ 

We are now in a position to prove Theorem 5.3.9. 


Proof of Theorem 5.3.9. To begin, note that in Lemma 5.3.16 we proved that 8 = 
E{Bi) = E'{Bi), whereupon 

Bn = B,-Bl-...-Br\ (5.3.18) 


for all n G N. As all sheaves involved lie inside M 2 {k{E))^, we may construct the 
twisted ring B{8,Bi,f) as a subring of the Ore extension M 2 {k{E))^[z, as 

described in the statement of the theorem. 

The degree 1 piece of B{8, Hi, f) is Bi)z = M 2 {H^{E, C))^z. Recall that in 

the proof of Lemma 5.3.16 we observed that this is precisely the image of Bf’^ under 
its embedding in the Ore extension. Remark 5.1.4 tells us that B*^'^ is generated in 
degree 1, therefore we obtain an embedding of /c-algebras B^'^ ^ B{8,Bi,t). In 
particular, there is an injection of vector spaces ^ Hq{E^, Bn)z^ for all n eN. 

Let us now consider an open set U C E'^, with V = r~^{U). Since r is induced 
by a, we have r~^{T^{U)) = (t”(R) for all n G N. Note that f commutes with the 
action of G on M 2 {k{E))^, which is a consequence of a commuting with the group 
action. Observe hnally that as H is a sheaf of maximal orders and Hi is an invertible 
lattice contained in M 2 {k{E))^, the tensor products appearing in the dehnition of H„ 
are actual products inside M 2 {k{E))^. Thus 


BniU) 


B^{U)-Bl{U)-...-Br\u) 

[M2{rXf] {U) ■ [M2{{rXrf] (H) ■ ... • 
M2{C{V)f ■ M2{C{a{V))f ■... ■ M2(£(a 


M2((r,£) 

-i(R)))« 
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C M2{C{V)Cia{V))... C{a^-\V))f 
= M2{CCT .. 

= [M2{nCnf] (U). 

We therefore have an inclusion Bn ^ M 2 (r*£„)*^, and by taking global sections 
one has C M 2 {H^{E, Cn))^■ But since the latter vector space is precisely 

this implies that the injection ^ Hq{E'^, Bn)z"' must be a bijection, which 
completes the proof. □ 

Remark 5.3.19. Although we did not show during the proof of Theorem 5.3.9 that 
the sequence {Bn} is ample, it follows from that result as we now indicate. Since 
is semiprime noetherian of GK dimension 2, the sheaves associated to its graded 
components form an ample sequence [6, Proposition 6.4]; Theorem 5.3.9 shows that 
these sheaves coincide with the sequence {Bn}- 

Our hrst corollary is due to a result which generalises the categorical part of the 
Noncommutative Serre’s theorem (Theorem 2.1.10). 

Corollary 5.3.20. There is an equivalence of categories qgr(i?'^’^) ~ coh(T), where 
coh(T) denotes the category of coherent sheaves over 8. 

Proof. Combine Theorem 5.3.9 with [6, Corollary 6.11]. □ 

We also obtain another corollary, which shows that the twist is in fact a prime ring. 
Corollary 5.3.21. is prime. 

Proof. By Theorem 5.3.9 we know that the degree 0 component of the graded quotient 
ring of is M 2 {k{E))^. If we can show that this ring is simple artinian then 
must be prime. By Lemma 5.3.12 the action of G on M 2 {k{E)) is outer. As M 2 {k{E)) 
is simple artinian, we may apply [41, Theorem 2.7(1)] to conclude that M 2 {k{E))^ is 
also simple artinian, which completes the proof. □ 

One can explicitly describe the structure of M 2 {k{E))^, as the following result 
shows. In the proof we use the notion of PI degree dehned in [40, §13.6.7]. 

Corollary 5.3.22. There is an isomorphism of /c-algebras M 2 {k{E))'^ = M 2 {k{E'^)), 
where k{E^) = k{E)^. 
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Proof. By Corollary 5.3.21, M 2 {k{E))^ is simple artinian and therefore isomorphic to 
a ring of the form Mn{D), where D is some division ring. Considering the PI degree of 
M 2 {k{E))^ enables one to conclude that either n = 2 and H is a held or M 2 {k{E))^ 
is a division ring that is 4-dimensional over its centre. We can rule out the latter case 
since M 2 {k{E))^ is the degree 0 component of the graded quotient ring of which 
contains non-regular homogeneous elements by Remark 5.1.6. Thus D must be a held, 
and therefore the centre of M 2 {D) is isomorphic to D itself. Since k{E^) is central in 
M 2 {k{E))^, it must embed in D under the isomorphism M 2 {k{E))^ = M 2 {D). 

To complete the proof, observe that M 2 {k{E)) is a 4-dimensional module over 
M 2 {k{E))^ (on either the left or the right), which itself is 4-dimensional over its 
centre Z{M 2 {k{E))^) = D. However, it is clear that M 2 {k{E)) is 16-dimensional over 
k{E^), in which case one must have D = k{E^). □ 

Our work in the remainder of this section concerns the irreducible objects in 
qgr(R‘^’^). We begin with a preliminary lemma. 

Lemma 5.3.23. The irreducible objects in qgr(R‘^’^) are precisely the tails of 1-critical 
R'^’^-modules. 

Proof. Let us consider an irreducible object in qgr(i?‘^’^). Such an object will have the 
form 7r(M) for some M G grmod(R‘^’^). Theorem 5.1.5(ii) implies that has GK 
dimension 2, in which case [30, Proposition 5.1(d)] tells us that GKdim M = 0,1 or 
2. Note that M cannot have GK dimension 0 since 7r{M) is nontrivial. Let us assume 
therefore that GKdim M = 2. Since 7r{M) is irreducible this means that M must 
be 2-critical. However, the only 2-critical R'^’^-module is B^’^ itself, and 7r{B^’^) is 
reducible in qgr(R'^’^). We reach a contradiction, upon which the result is proved. □ 

We can now give a more concrete description of the irreducible objects in qgr(i?‘^’^). 

Proposition 5.3.24. Any irreducible object in qgr(i?*^’^) is isomorphic to 7r(Mp) for 
some p E E, where is a direct sum of point modules over B. In particular, such 
modules are 1-critical and are therefore fat point modules of multiplicity 2. 

Proof. By Lemma 5.3.23, any irreducible object in qgr(i?'^’^) has the form t{{N) for 
some 1-critical R'^’^-module N. Gonsider the extension N Obg,i^ M 2 {B) as a right 
M 2 (R)-module, which is N-graded via the standard grading on a tensor product of 
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graded modules. One may argue in the same manner as in the proof of Propo¬ 
sition 3.2.42(i) to show that N < 8 )^ 0 ,^ M 2 {B) has GK dimension 1. This M 2 {B)- 
module is noetherian, hence there is a 1-critical M 2 (5)-module, I say, that embeds 
in M 2 (i?))>„ for some sufficiently large n E N. One therefore has n{I) ^ 

7r(7V M 2 {B)) in qgr(M 2 (i?)). The 1-critical modules over B are isomorphic in 

high degree to point modules by the equivalence of categories qgr(i?) ~ coh.{OE) from 
[9, Theorem 1.3]. Thus we may replace 7 r(/) with 7r{Mp) for some p E E. 

Let us now restrict from qgr(M 2 (i?)) to qgr(i?'^’^). By Proposition 3.2.7 one has 


7r(Mp) 7i{N <S)bG,i^ M2{B)) = TT 



(5.3.25) 

The summands iV'^s are 1-critical 5'^’^-modules, and moreover they are the factors 
in a critical composition series for {N®M 2 {B)). By [58, Proposition 1.5], these 
factors are unique up to permutation and isomorphism in high degree. However, we 
claim that the right M 2 (i?)-module remains 1 -critical upon restriction to a module 

over in which case 7r{Mp) = for some g E G. To prove this claim, observe 

that the module Mp is also a point module over A, thus can be considered as an 
M 2 (H)-modnle that has been restricted first to and then to the factor ring 
Thus Proposition 3.3.5 is applicable and implies that Mp is a 1-critical B'^’^-module. 
Since such a module has Hilbert series 2/(1 — t), it must be a fat point module of 
multiplicity 2 . 

By untwisting one has 7 r((Mp)'^ 9 ^) = 7 r(iV) in qgr(i?'^’^). Note that the G-graded 
antomorphism (pg extends natnrally from to M 2 {B) via the G-grading on B (i.e. 
the grading induced by the action of G on H on which the action on M 2 {k) has no 
bearing). Thus we may consider {Mp)'^^ as a right M 2 (H)-module, in which case 
there exists L E grmod(H) snch that (Mp)^^ = L'^ in grmod(H). By considering 

Hilbert series it is clear that L must be a point module. On restriction to B^'^, one 
obtains an isomorphism 7i{Mg) = 7i{N) in qgr(H'^’^) for some q E E. This completes 
the proof. □ 


Remark 5.3.26. As we saw in the proof of Proposition 5.3.24, one can consider the 
fat point modules of multiplicity 2 over as the restriction of the modules over 
A^'^ constructed in Proposition 4.2.10. 
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Proposition 5.3.24 enables us to describe the geometric origins of the fat point 
modules of multiplicity 2 that we have studied, as the next result demonstrates. 


Proposition 5.3.27. For p ^ E consider the coherent sheaf of right M 2 ( 0 £;)-iiiodules 
kp, where kp := OeITp is a skyscraper sheaf supported at p. Under a natural functor 
(j) : coh(M 2 (C>£;)) —)■ coh(£), the irreducible objects in coh(£^) are of the form (l>{kp). 
Furthermore, (l>{kp) = (l>{kg) if and only if g G [p]. 


Proof. By [ 6 , Corollary 6.11] there is an equivalence of categories ipi : coh(M 2 ( 0 £;)) 
qgr(M 2 (i?)). We label the equivalence from Corollary 5.3.20 by : qgr(i?'^’^) —)■ 
coh(£^). Finally, let (p 2 denote the functor from qgr(M 2 (i?)) to qgr(i?'^’^) obtained by 
the restriction of modules. Consider the diagram below: 


coh{M2{OE))^qgT{M2{B)) 


f \ 

coh(£) 


qgr(i?'^’^) 


(5.3.28) 


We denote the clockwise composition of functors beginning at coh(M 2 ((P£;)) by 0. 

Let us now consider an irreducible object in G coh(£^). By Proposition 5.3.24 
we know that 993 ( 992 ( 7 J'(d 7 p))) = IF for some p E E. One also has Pi{kp) = n{Mp), 
therefore 4>{kp) = IF. Since 991 and 993 are equivalences, the isomorphisms among the 
sheaves 4>{kp) are governed by the restriction functor 992 . Corollary 5.3.7 describes the 
only such isomorphisms that can occur, and this completes the proof. □ 

As was mentioned in the Chapter 4, if |(j| = cxd then A possesses four non¬ 
isomorphic fat point modules of each multiplicity greater than or equal to 2 by [61]. 
The categorical equivalence given by Theorem 2.1.10 shows that these are not B- 
modules. Thus the non-existence of fat point modules over of multiplicity other 
than 2 by Proposition 5.3.24 does not preclude the existence of such modules over 

To conclude this chapter we include one hnal lemma, whose signihcance will become 
apparent in §6.3. 

Lemma 5.3.29. For p E E, [p] contains precisely 4 points. 
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Proof. Suppose that [p] contains fewer than 4 points. Then we must have 
for some distinct g,h E G. Looking at any pair of the four points in (3.3.8), one can 
see that they have the same entry in precisely two coordinates, while the other two 
coordinates differ by a minus sign. If such a pair dehned the same point then at least 
two of the entries would have to be zero. However, by Lemma 4.2.8 any point on E 
must have at least 3 non-zero coordinates. □ 


5.4 The Koszul dual 


In this short section we study the Koszul dual of We begin by noting that B 

is Koszul by [63, Theorem 3.9], which allows us to apply Proposition 3.2.37 to B and 
B^'^. That proposition tells us that there is an isomorphism of /c-algebras 

(^G,/.)! ^ (5.4.1) 


since is the trivial 2-cocycle over G. 

The relations of B' are given in [63, Lemma 2.2]. Using (5.4.1) we can easily write 
down the relations in the twisted dual: 

_ 1 ____ 1 ___ 

[uoWi] + -Nws], [no,ni]++ [n 2 W 3 ]+, [uq,^ 2] + ^[t'sWi], Kw2]+ + ^3^1]+, 
a p 


KW3]- [vi,V 2 ], KW3]+ - [vi,V 2 ] + , 

7 

1 -|- Q; 


a 


1 + 7 


- 1 t'o + 


a 


1 + 7 


—2 I —2 
Vl +^3 , 


1 + q; \ _ 2 


1-/9 


—2 —2 

Vl -V2 • 


Since [B')^'^ has the same underlying /c-vector space structure as H', must 

have Hilbert series (^)^. Moreover, this implies that the 8 degree 2 elements cor¬ 
responding to those exhibited in [63, Proposition 2.3] form a basis of (H*^’^)^. These 
elements are 


t 2 =Vi^, t 3 =[uo,Ui], ti=[vo,Vi] + , t5 = [vo,V2], 

_ _ _ (5.4.2) 

U = Kw 2 ] + , h = [U0W3], h = Kw 3 ]+. 

Note that in the twist none of the scalar coefficients have changed from their 
untwisted counterparts. 

It is shown in [63, Proposition 2.3(ii)] that each degree 2 element is normal or 
central in B\ and a description is given of how they commute with the generators 
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We will show that the elements in (5.4.2) are also either normal or central, but with 
different commutation rules. 

Let us adopt Stafford’s notation. For a normal element y G and i = 0,1, 2, 3 

there exist r* G such that vly = yr*. This is encoded by (uq,F i,^ 2 ,= 

(ro,ri,r2,r3). 

Proposition 5.4.3. The elements ti, 12^4^6 and tg are central in while ^ 3,^5 

and C are normal. For j = 3, 5, 7 we have (Fq, 77,77, Fi')*-’ = (—Fq, —77, —77, — F3). 

Proof. The elements described in [63, Proposition 2.3(ii)] are all normal and homo¬ 
geneous with respect to the G-grading on B'. Lemma 3.2.1 then implies that their 
twisted counterparts, exhibited in (5.4.2), will be normal in (B^’^)'. 

To see that the commutation rules are as described in the statement of the result, 
one simply computes using the information from B'. For example, the commutation 
rule for ^3 in i?' is 

(5.4.4) 

Under the G-grading, lies in the component B^. By regarding gi as an element 
of kG^ one can see that it satisfies the commutation rule 

(e, 9 i, 92 , 9192 ^^ = (e, 91 , - 92 , - 9192 )- (5.4.5) 

in kG^. It is clear by combining the commutation rules in (5.4.4) and (5.4.5) that 
behaves as indicated in the statement of the result. Similar calculations for the 
remaining elements completes the proof. □ 

Corollary 5.4.6. is PL 

Proof. The Veronese ring ((5*^’^)')*^^) is commutative (hence PI), which can be seen 
from the commutation rules in Proposition 5.4.3. Since {B^’^)' is a finite module over 
this Veronese subring, one can then apply [40, Corollary 13.4.9(i)] to reach the desired 
conclusion. □ 

As noted in [63, §2.4] for B and B\ the algebras B^’^ and are very different. 

The latter has a large centre, while the former has a trivial centre by Proposition 5.1.10. 



Chapter 6 


Other twists 


The examples of cocycle twists that we have studied thus far have all been either twists 
of the 4-dimensional Sklyanin algebra or a factor ring of it. The goal of this section is 
to illustrate that there are other algebras that admit interesting cocycle twists. 

The examples in §6.1 will concern the algebras dehned by Stafford in [63]. Such 
algebras are related to the ring B, a twist of which was studied in Chapter 5. The 
algebras that we will study in §6.2 are those that were hrst introduced by Rogalski and 
Zhang in [51]. They are examples of AS-regular algebras of dimension 4 with three 
degree 1 generators. In §6.3 we will study cocycle twists of the algebras dehned in [72]. 
Such algebras depend on a nonsingular quadric Q and a line L in P|, together with 
an antomorphism a of Q U L. The algebras twisted in §6.4 generalise graded Clifford 
algebras, while onr hnal examples in §6.5 are twists of the nniversal enveloping algebra 
of s[ 2 (C) and its homogenisation. 

Many of the examples in this thesis are twists of AS-regular algebras of dimension 4, 
for which no classihcation exists bnt many examples are known. Several families of snch 
algebras have appeared in this thesis, for example 4-dimensional Sklyanin algebras and 
their cocycle twists, while there are further examples given by donble Ore extensions 
[77], algebras with an additional Z^-grading [38] (like Rogalski and Zhang’s algebras 
in [51] bnt with two degree 1 generators) and the generalised Lanrent polynomial rings 
stndied in [16]. 

One may wonder if there are any interesting twists of AS-regular algebras of smaller 
dimension. In dimensions 2 and 3 there exist classihcations of snch algebras (see [3] 
and [7, 8, 65] respectively), which are preserved under cocycle twists by Corollary 
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3.2.28. For such algebras we have been unable to hud any cocycle twists that are not 
Zhang twists of their N-graded structure (in the manner of Proposition 3.1.21 or the 
example given in Remark 4.1.12). Certainly for AS-regular algebras of dimension 2 
there are no other cocycle twists - there are only two families of such algebras up 
to isomorphism, with neither possessing enough N-graded algebra automorphisms to 
accommodate a twist that is not a Zhang twist of their N-grading. 

It would be interesting to know if in the dimension 3 case any of the families 
in the classihcation are related by cocycle twists. If that were the case then this 
behaviour would be similar to that which we will uncover in §6.2 for Rogalski and 
Zhang’s algebras. 

6.1 Twists of Stafford’s algebras 

In this section we will study twists of the algebras introduced by Stafford in [63]. In 
that paper it is assumed that char(A;) ^ 2, thus we make the same assumption for the 
duration of §6.1. 

We will hrst explain how Stafford’s algebras were discovered, before showing that 
certain twists of them possess many good properties. We then briefly discuss how the 
fat point modules of multiplicity 2 over described in Proposition 4.2.10 are fat 
point modules over the twists of Stafford’s algebras as well. Following this, we describe 
the point scheme of one family of twists and conjecture what the point scheme is for 
the remaining algebras. 

Let us begin by stating the question which motivated the work in [63]. Recall that 
B is an N-graded factor ring of some 4-dimensional Sklyanin algebra A, thus there is 
a natural surjection A ^ B. 

Question 6.1.1 ([63, §0.2]). Are there any other AS-regular algebras of dimension 4 
which possess an N-graded surjection onto B, or does this property characterise the 
4-dimensional Sklyanin algebra A? 

The dehning relations of B are given by the 8-dimensional space of quadratic 
elements 


Rb = spanfc(/i, /2, /a, A, /s, /e, ^^ 2 ), 


( 6 . 1 . 2 ) 
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where the fi and 11* are given explicitly in (4.0.1) and (5.0.1) respectively. Any algebra 
answering Question 6.1.1 would, for Hilbert series reasons, have relations given by a 
6 -diniensional subspace of Rb- Stafford proved the existence of subspaces other than 
that spanned by the fi with the required property. Thus the surjection A -» H is 
not a uniquely dehning characteristic of the 4-dimensional Sklyanin algebra A among 
AS-regular algebras of dimension 4. 

As we did in §4.1, we will assume that the scalars q;,/9,7 G /c satisfy (4.0.2). Let 
V = span^(a;o, xi, a; 2 , xa). The algebras dehned in [63] are presented by 

5*00 := T{V)/ (i?oo), where i?oo = spanfc(/i, / 2 , /s, fi, Hi, H 2 ), (6.1.3) 

and 

Sd,i := T{V)/ {Rd,i), where Rd,i = spanf,{diQi + d202, fj: 1 < j < 6, j f^i), (6.1.4) 
for some 1 < i < 6 and d = (di, ^ 2 ) G P^. 

There are also two further variants of Soo, obtained by replacing the relations fi 
and /j+i in A with Hi and H 2 for either i = 1 or i = 3; we denote these algebras by 
>S'oo,i,2 and 5*00, 3,4 respectively. In this notation one could therefore write Soo = >S'oo,5,6- 
Lemma 6.1.11 will allow us to dispense with this cumbersome notation. 

With some restrictions on d, the algebras dehned in (6.1.3) and (6.1.4) are shown 
by Stafford in [63, Theorem 0.4] to be noetherian domains which are AS-regular of 
dimension 4. The method used to show this is to prove that their Koszul duals have 
certain properties which have good consequences for the algebras themselves. 

We will twist the algebras in (6.1.3) and (6.1.4) in a manner that is consistent 
with the twists of A and B that we have already studied. We will let S = TfV)/{Rs) 
denote one of Stafford’s algebras if we do not wish to specify which family it belongs 
to. 

Consider the familiar action of G = {C 2 Y = ( 91 ^ 92 ) on V from (4.1.1). Under 
the isomorphism G = G'^ dehned by (3.1.9), this corresponds to the G-grading on 
generators 

XQ G Se, Xl G Sg^, X 2 G Sg^, Xs G Sg^g^. (6.1.5) 

One can then use the 2-cocycle p dehned in (3.1.11) to twist Stahord’s algebras. 
Since we already know the behaviour of the relations of B under this twist, it is a 
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simple matter to write down the new relations. Recall that the elements /f and 0* 
are described explicitly in (4.1.4) and (5.1.2) respectively. 

Lemma 6.1.6. Twisting the algebras dehned in (6.1.3) and (6.1.4) using the data 
described above produces the following algebras. Firstly, := T(y)/{R^), whose 
relations are given by the ideal generated by 

RC, = span,(/f, 01 , 0^). (6.1.7) 

The other family of algebras is given by S^f := TiV)/{R^^^ whose relations are given 
by 

K,i = span;^(di0i + ^202, fj- 1 < j < 6, j ^ f), (6.1.8) 

for some 1 < f < 6 and d = (di, ^ 2 ) G P^. 

Proof. Since we are using the same twisting data as in Chapters 4 and 5, we know 
the behaviour under twisting of each of the eight relations in (6.1.2). Explicitly, see 
equations (4.1.4) and (5.1.2). An application of Lemma 3.2.2 is needed to see that the 
ideal of relations in each twist is generated by the elements we have indicated. □ 

Remark 6.1.9. As mentioned previously, there are two further variants of S'oo which 
can be twisted in the same manner to form the algebras S'^(i ^2 

Let us show immediately that, under some conditions on the parameters, such 
algebras have many good properties. 

Theorem 6.1.10. Assume that a, 13 and 7 satisfy (4.0.2). Let S = Sd,i for some 
d = (di,d 2 ) G P^ and 1 < i < 2 or let S' = S'oo. If S' = S'^^i, assume that d 7 ^ 
(1, 0), (1, —1 — /Sy) and if S' = Sd ,2 assume that d 7 ^ (1, /9 — 1), (1, —1 — 7 ). Then S"^’^ 
has the following properties: 

(i) it is universally noetherian domain; 

(ii) it is an AS-regular algebra of dimension 4; 

(iii) it has Hilbert series 1/(1 — f)^; 

(iv) it is Koszul; 

(v) it is Auslander regular and satishes the Cohen-Macaulay property. 
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Proof. Firstly, note that S surjects onto B, with the kernel being generated by a regular 
sequence of normal elements. This is a consequence of Proposition 2.10, Lemma 2.14 
and then Theorem 1.3(v) from [63] (see the remarks at the beginning of the proof 
of the latter result). By Theorem 5.1.5(i), B is universally noetherian. Applying 
[4, Proposition 4.9(1)] twice shows that S is also universally noetherian, and using 
Corollary 3.2.12 then gives a proof of part of (i). 

Let us now move on to properties (ii)-(iv). The algebra S has these properties by 
[63, Theorem 0.4]. That (ii)-(iv) are true for then follows from Lemma 3.2.4, 
Corollary 3.2.28 and Proposition 3.2.31. One can then apply [8, Theorem 3.9] to 
conclude that is also a domain, completing the proof of (i). To show that 
has the properties in (v) we can apply [34, Corollary 6.7] to S', followed by Proposition 
3.2.42. □ 

Although Theorem 6.1.10 is only stated for and S^f for 1 < i < 2, it remains 
valid for S*^)^ 2) *5'^’3,4 S^f for 3 < f < 6. To see this, note that cyclically 
permuting the generators a;i,a;2 and 0:3 of 5*00,*,*+1 or S'^,* defines an isomorphism with 
an algebra in the family S'oo,i+2,i+3 or S'd,i+2 respectively (see the remarks after [63, 
Theorem 0.4]). The indices here are considered mod 6. We can use the same ideas to 
hnd similar relations among the cocycle twists, as the following lemma shows. 


Lemma 6.1.11. Cyclically permuting the generators ^1,^2 and gives the following 
isomorphisms: 


(■) A',5.6(“. P, 7 ) = a, P) 

(ii) Sj;'‘(a,/?,7) = s5;J(7,a,/?) = 


= Al4(/3.7,a); 

S'f/lKP,'y, a) where d' = ((j^) di,d 2 ) and d" = 


((it!) ^i>^2); 


111 


/3,'y) = (7, a,/9) = S'^;g(/9,7, a) where d' and d” are as 


^G,pl 




m 11 . 


Proof. We give a proof for (i) and remark that the remaining cases are similar. Since 
we will need to distinguish between different parameters, we introduce the notation 
J^i{a /3 7) indicate the parameters associated to a particular relation. 

The ideal of relations in S'^’g g(Q;, (3, 7) is given in (6.1.7). Now permute the gener¬ 
ators using the permutation (123) on indices, then apply the automorphism (pi which 
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sends vi i—)■ —ivi and i—)■ where R = —1. The following equations indicate the 

relations obtained: 


11,{°‘ 

1/1,7) 

(123) 

[vo,V 2 \ - a[vs,Vi] 


[vo,V 2 ] - a[vs,Vi] 

= 

13,(7,a,/3) ’ 

■'3,(q 

1/1,7) 


[wws] - I3[vi,V2] 


i[vo,V3] + if3[vi,V2\ 

5,(7,o,/9) 

12,(q 

1/1,7) 


[vo,V 2 ]+ - [n3Wi] + 


KW2]+ - b3Wl] + 

= 

J 4,(7,q;,/3) ’ 

J 4,(q 

1/1,7) 


KW3]+ - [vuV2] + 


i[vo,V3]++i[vi,V2] + 

^,^6,(7,o,/3) 

01,(c 

»,/l,7) 

'S/-> 

-vi + vi + vl - vj 

'S/-> 

-vl + vl - vl + vf 

Oi,(7,q;,/3) 


( 6 . 1 . 12 ) 


Under the same composition of maps, the relation 02,(a,/3,7) is sent to 

1Tq:\ o f I — (y\ r, (\ 


1-/3 


+ 


1 + 7 


V, = 


a 


1 + 7 


0 


2,(7.a+)’ 


(6.1.13) 


where we have used (4.0.3) to obtain the equality. The relations obtained in (6.1.12) 
and (6.1.13) are those in which proves the hrst part of (i). 

We proceed in a similar manner to prove the second part of (i). We hrst apply the 
permutation (132) to the generators, then apply the automorphism <^2 which sends 
V 2 —iv 2 and ^3 1-7 ivs, where R = —1 once again. The relations in (6.1.7) are 
transformed under this composition as indicated below: 


1 1,(q 

1/1,7) 

(132) 

[noW3] - a [ viW 2 ] 

V?2 

i[vo,V3] +ia[vi,V 2 ] 

5,(/3,7,q;) 

13,(0 

1/1,7) 


[wwi] - R [ v 2 Wi ] 


Kwi] - I3[v2,V3,] 

= 

1 1,(/9,7,o) ’ 

42,(0 

1/1,7) 


KW3]+ - [vuV2] + 


i[vo,V3]++i[vi,V2] + 

^,^6,(/3,7,q;) 

J 4,(0 

1/1,7) 


Kwi]+ - ^2^3] + 


Kwi]+ - ^2^3] + 

= 

1 2 ,( 7 ,a,/ 3 ) ’ 

01,(c 

»,/l, 7 ) 


-vl + vl + vf- vl 


-vl - vl + vl + vl 

01,(/9,7,0) 


(6.1.14) 


Under the same maps the relation 02 ,(q,/ 3,7) is sent to 

1 + Q;\ 9 /1 — Q;\ 9 f 1 -\~ cx 


-vl + 


1-/9 


vl + 


1 + 7 


'^2 = 


1-/9 


0 


2 ,(/ 3 , 7 >«)’ 


(6.1.15) 


where we have used (4.0.3) to obtain the equality. The relations obtained in (6.1.14) 
and (6.1.15) are those in 4(/5,7, a), which completes the proof. □ 


By Lemma 6.1.11 one obtains the following corollary. 


Corollary 6.1.16. Under conditions on d determined by the isomorphisms in Lemma 
6.1.11, the properties listed in Theorem 6.1.10 also hold for the algebras for 
S < i < 6. The same is true for i 2 and >S'^(3^4 also. 
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Figure 6.1.17: The Sklyanin algebra and related algebras/twists 

In light of the isomorphisms given in Lemma 6.1.11, we will assume now that S is 
subject to the hypotheses of Theorem 6.1.10. 

We chose the G-grading on S given in (6.1.5) in order that it be compatible with the 
G-grading on B. A consequence of this is that there is a graded surjection -» 

As for the Sklyanin algebra, we have three families of algebras which surject onto the 
same geometric ring; instead of this being a twisted homogeneous coordinate ring it is 
now B^'^, which was shown in Theorem 5.3.9 to be a twisted ring. The situation is 
illustrated by Figure 6.1.17. 

Remark 6.1.18. In §4.1.1 we studied cocycle twists of A obtained by using the 24 
possible actions of G by the regular representation on the standard generators. All such 
actions also respect the relations in S^o and thus one could study the associated 
cocycle twists. We remark that it was shown in the proof of Proposition 4.1.8 that 
Autgrp(G) stabilises /i, hence in each case there are four isomorphism classes of cocycle 
twists. As in §4.1.1, these are governed by the generator that belongs to the identity 
component of the induced G-grading. 

We will now consider fat point modules over the algebras we have just constructed. 
The situation encapsulated by Figure 6.1.17 implies that the point schemes of the 
algebras A, Soo and Sd,i all contain the elliptic curve E. Note that the full point 
schemes of the latter two algebras are given by [63, Lemma 2.16]. In contrast, the 
surjections from and onto B^'^ do not give us any information regarding 
point modules when |(t| = oo. This is because the point scheme of B^'^ was proved 
to be empty under that hypothesis in Proposition 5.2.3. 

However, the surjections onto B^’^ do have the following consequence. The fat 
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point modules of multiplicity 2 over described in Proposition 5.3.24 are fat point 
modules over the algebras and S^f. Recall that these modules can be obtained 
by restricting M 2 (S')-modules of the form for p E E to 

Let us now restrict our attention to point modules and describe the point scheme 
of algebras in the family As we did for A^’^, we will study the graph of the point 
scheme under the associated automorphism. Unlike in that case, however, we cannot 
give an explicit description of all of the points, merely their existence. Computer 
calculations suggest that there are 20 distinct points of multiplicity 1 , as was the case 
for 

We will prove the following proposition through a series of lemmas. 

Proposition 6.1.19. Assume that char(A;) = 0. For generic parameters a, 13 and 7 
the point scheme F" of consists of 20 points up to multiplicity. 

The hypotheses of Proposition 6.1.19 are needed due to the use of computer cal¬ 
culations in the proof. 

The hrst lemma allows us to focus on the multilinearisations of the dehning relations 
of One should recall the dehnition of the points Cj G from (4.1.22). 

Lemma 6.1.20. Let P 2 denote the vanishing locus of the multilinearisations of the 
quadratic relations of Then P 2 is the graph of P" under the associated automor¬ 
phism r. Moreover, r has order 2. 

Proof. By Theorem 6.1.10, satishes the hypotheses of Theorem 2.1.26. Applying 
that theorem implies the hrst part of the lemma. Consider the multilinearisations of 
the quadratic relations of 


mi := V01V12 - ViiVq 2 - 0^2^32 + ^^3^22, 
m 2 := VmVi2 + V 11 V 02 - ^'2W32 - t'3U22, 
m3 := V01V22 - V21V02 + ( 3 viiV‘i 2 - ( 3 viiiVi 2 , 

7724 := VmV 22 + V21VQ2 - ^' 3 Wl 2 - ^'lU 32 , 

:= -V01V02 + ^' lWl 2 + V21V22 - V31V32, 

1 -|-q;\ f 1 — a 


( 6 . 1 . 21 ) 


1-^7 


rriQ := V 11 V 12 


1-/9 


V 21 V 22 — 


V31V32- 
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It is clear that the multilinearisations in (6.1.21) are invariant under the map vn -H- Vi 2 , 
and moreover that (cq, 63 ) is a solution to them. As in the proof of Lemma 4.1.28, one 
can conclude that r has order 2 . □ 

Lemma 6.1.22. Consider the quasiprojective subscheme of r 2 in which uoi 7 ^ 0 and 
V 02 = 0. This subscheme contains only one point, namely ( 69 , 63 ). 

Proof. In this quasiprojective subscheme we may assume that Uoi = 1. The multilin¬ 
earisations in ( 6 . 1 . 21 ) then become 

m[ := V12 - av 2 iV 32 + OiV3iV22, := ^12 - ^21^32 - V31V22, 

m 3 := V 22 + /3viiV32 - /3v3iVi2, m'^ := V 22 - V 31 V 12 - ^ 11 ^ 32 , 

/ / /1-|-q;\ /l — 

mg := ^11^12 + V21V22 - V31V32, THq := VuVi2 + 1 ) ^2lt'22 - ( / ^ 31 ^' 32 - 

By equating m) and m 2 one obtains the equation 

(a - l)n 2 l ^'32 = {a + l)v 3 iV 22 , (6.1.23) 

while doing the same for m'g and m^ gives 

{f3 - 1)V31V12 = {f3 + l)viiV32. (6.1.24) 

In light of (6.1.23) we split the analysis into three cases; either V 21 = 0, ^32 = 0 or 

^'21,^'32 7 ^ 0 . 

Case 1: If V 21 = 0, then (6.1.23) implies that either ^31 = 0 or V 22 = 0. 

Case 1(a): If ^31 = 0 then (6.1.24) implies that either un = 0 or ^32 = 0. In either 
situation one can use mYrn^mg and m( to see that ^12 = V 22 = 0 , which results in 
a contradication when ^32 = 0. If Un = 0 then the only solution that we obtain is 
( 60 , 63 ), which we have already seen lies in r 2 . 

Case 1(b): If V 22 = 0 then one must have V 12 = 0 by mj. Using (6.1.24) this implies 
that either un = 0 or ^32 = 0, as in the previous case. One can proceed in a similar 
manner to conclude that the only solution in this case is (cq, 63 ) once again. 

Case 2: Now assume that ^32 = 0. Then (6.1.24) implies that either ugi = 0 or 
V 12 = 0. If the former is true then one can use mj and m 3 to show that V 12 = V 22 = 0, 
which is absurd. In the latter situation one can use m 3 to conclude that ^22 = 0, then 
use m'l to show that ni 2 = 0. This gives a contradiction once again. 
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Case 3: Finally, suppose that V 2 iiVz 2 7^ 0. In this case one can see from (6.1.23) 
that ^31,^22 7^ 0 must hold. By (6.1.24) one must therefore have either Un = t;i2 = 0 or 
Vi 2 7^ 0. If the former is true then m'g implies that V 22 = 0, which is a contradiction. 
Suppose therefore that nii,vi2 7^ 0. The Macaulay2 code given by Code B.2.2 in 
Appendix B.2 shows that there are no solutions to the multilinearisations in this case. 
Note that we can always scale the second copy of P| so that ViiV 2 iV 2 ,iVi 2 V 22 V 32 = 1- D 

Lemma 6.1.25. Consider the closed subscheme of r2 in which vqi = ^02 = 0. This 
subscheme contains only 2 points, namely (e2,ei) and (61,62). 

Proof. In this subscheme the multilinearisations from (6.1.21) become 

m" := -av2iV32 + av 3 iV 22 , rn^ := -V 21 V 32 - V 31 V 22 , 

ml := l 3 viiV 32 - m'l := -^ 31^^12 - V11V32, 

n n /1 + Q;\ /I — 

■= V11V12 + ^ 21^22 - V31V32, mg := ^11^12 + ) ^ 2 lt '22 - I / ^' 31 ^' 32 • 

Using the equations m '(,..., m'l and our assumptions on (a, /9,7), we must have 

t' 2 lt ^32 = V31V22 = V31V12 = VnV 32 = 0 . 

If ^32 7^ 0 then Un = ^21 = 0 which is absurd. Similarly, if ^31 7^ 0 we obtain a 
contradiction. Thus we can assume that ^31 = ^32 = 0. Since 7^ 1 (this would 
imply 7 = 0 or /9 = —1), we must have ^11^12 = t'21'622 = 0. The only admissible 
solutions to these equations are the points (62, 61) and (ci, 62), the second of which we 
could have deduced by symmetry from the hrst, or vice versa. □ 

We are now in a position to prove that the point scheme of consists of 20 
points up to multiplicity. 

Proof of Proposition 6.1.19. By Lemma 6.1.20 we know that r2 is the graph of T" 
under the automorphism r. We will first study r2, which is covered by the following 
four subschemes of x P|: 

Ui : noiWo2 7^ 0, 7/2 : Uoi 7^ 0,Vo2 = 0, 7/3 : Uoi = 0,no2 7^ 0, 7/4 : Uoi = "^^02 = 0. 

Note that the Macaulay2 code given by Code B.2.1 in Appendix B.2 shows that 
7/1 nr2 contains 16 points up to multiplicity. By Lemma 6.1.22 we know that U 2 OII 2 
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contains only a single point of the form (60,63). But by Lemma 6.1.20 the multilin¬ 
earisations dehning r2 are symmetric. Thus Lemma 6.1.22 implies that f/3 fl r2 also 
contains only a single point, namely (63,60). Finally, by Lemma 6.1.25 we know that 
f/4 n r2 contains only the two points (62, 61) and (ci, 62). 

We have shown that r2 is a 0-dimensional scheme, therefore F" = 7ri(F2) must also 
be 0-dimensional. To complete the proof we note that Proposition 2.1.32 implies that 
the multiplicities of the points in F" must add up to 20. In particular, this fact in 
conjunction with Code B.2.1 implies that the four points we have exhibited explicitly 
must each have multiplicity 1. □ 

Conjecture 6.1.26. Let k be an algebraically closed held with char(A;) 7^ 2. Assume 
that a, (3 and 7 satisfy (4.0.2) and d 7^ (1, /9 — 1), (1, —1 — 7). Then the point schemes 
of and Sd,i{a, /3,'j)'^’^ consist of 20 points counting multiplicity. 

As evidence for this conjecture in relation to Sd,i{Q:, we note that it can 

be verihed by computer for some specihc values of the parameters. 

To end this section we will compute the dimension of the line scheme of 

Proposition 6.1.27. Assume that char(/c) = 0. For generic parameters a, 13 and 7 
the line scheme of is a 1-dimensional projective scheme. 

Proof. As in Proposition 4.2.1, our hypotheses rehect the fact that the proof relies on 
computer calculations. Let a general relation in be written in the form 

tlfl + ^2/2 + ^3/3 + ^4/4 + ^5©! + ^602, 


for some ti G k. Mimicking the method used to prove Proposition 4.2.1, we form the 
following matrix: 


/ 


V 


—h 

ti + 0 

ts + ti 

0 

t2 — 

tb + te 

0 

(30 - 

Ia — t‘i 

0 

h + h 

— (y.t\ 

0 

-I3t3 - ti 

ati — ^2 

— ts — te 


The line scheme of is the closed subscheme of points (ti,... Rq) G P| such 
that this matrix has rank less than or equal to 2. The Macaulay2 code given by Code 
B.2.3 in Appendix B.2 shows that, when regarded as dehning the affine cone of the line 



CHAPTER 6. OTHER TWISTS 


149 


scheme in A|, the ideal generated by the 3x3 minors of this matrix has codimension 
4. Equivalently, the affine scheme it dehnes has dimension 2 . Since its affine cone has 
dimension 2 , the line scheme must have dimension 1 when considered as a projective 
scheme in P|. □ 

As we discussed in § 2 . 1 . 2 , AS-regular algebras of dimension 4 with a 0-dimensional 
point scheme and a 1 -dimensional line are considered important examples of regular 
algebras. When char(/c) = 0 and for generic parameters a, {3 and 7 , Propositions 6.1.19 
and 6.1.27 imply that is such an algebra. 

6.2 Twists in Rogalski and Zhang’s classification 

The algebras that we will now study were classihed by Rogalski and Zhang in their 
paper [51]. We will need to work over an algebraically closed held of characteristic 0 
for the duration of this section. 

Rogalski and Zhang’s algebras are AS-regular domains of dimension 4 satisfying 
two extra conditions; they are generated by three degree 1 elements and admit a proper 
I?-grading. Properness of such a grading, A = say, means that Ao,i 7 ^ 0 

and Ai^q ^ 0 . 

As the authors of [51] note in their introduction, AS-regular algebras of dimension 
4 can have either two, three or four generators. Their aim was to develop examples 
in the least studied of these cases; the 4-dimensional Sklyanin algebras and Stafford’s 
algebras from [63] are of course examples of the four generator case (not to mention 
their cocycle twists), whilst examples with two generators were studied in [38]. 

Rogalski and Zhang’s main results are summarised below. 

Theorem 6.2.1 ([51, Theorems 0.1 and 0.2]). Let A be an AS-regular domain of 
dimension 4 which is generated by three degree 1 elements and properly Z^-graded. 
Then either A is a normal extension of an AS-regular algebra of dimension 3, or up 
to isomorphism it falls into one of eight 1 or 2 parameter families, A — Ti. Moreover, 
any such algebra is strongly noetherian, Auslander regular and Cohen-Macaulay. 

The hnal three properties in Theorem 6.2.1 hold under weaker conditions as [51, 
Corollary 0.3] shows: one no longer needs to assume that the algebra is a domain or 
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make an assumption on the number of generators. 

There is another family of such algebras, namely However, by the isomorphism 
in [51, Example 3.11] we can ignore such algebras and work with the family IF instead. 
We will not concern ourselves with the algebras that are normal extensions. 

In order to apply our cocycle twist construction we require graded algebra auto¬ 
morphisms, where in this case graded refers to the connected graded structure rather 
than the additional Z^-grading. Section 5 of Rogalski and Zhang’s paper is concerned 
with precisely this topic. The key result is the following, where generic means avoiding 
some hnite set of parameters given in the statement of [51, Lemma 5.1]: 

Theorem 6.2.2 ([51, Theorem 5.2(a)]). Consider a generic AS-regular algebra A in 
one of the families A — Fi. The graded automorphism group of A is isomorphic either 
to X or to k^ x k^ x C 2 - The first case occurs for the families A{b,q) with 
q 7 ^ —1, 'D{h, b) with h ^ b‘^, IF^ ^ and Ti. The second case occurs if A belongs to one 
of the families A(b, —1), jB, C, T>{h, b) with h = b'^, £ or Q. 

We now show that any cocycle twist of an algebra in one of these families must be 
isomorphic to another algebra in the classihcation. Before stating the result, let us £x 
some notation for the remainder of the section. The algebra A will be generated by 
the three degree 1 elements xi,X 2 and x^, where xi,X 2 G and xs G Ho,i- We will 
follow Rogalski and Zhang in referring to the extra automorphism of order 2 as the 
quasi-trivial automorphism. This automorphism interchanges Xi and X 2 whilst fixing 

Xs. 

Lemma 6.2.3. Let H be a generic algebra in one of the families A —Ft. Any cocycle 
twist A^’^ must also belong to one of these families. Moreover, if A possesses the 
quasi-trivial automorphism then so must A^’^. 

Proof. First note that all of the automorphisms described in Theorem 6.2.2 preserve 
the Z^-grading on the algebra. Therefore by Lemma 3.1.19 any cocycle twist must 
also possess a proper Z^-grading. By Corollary 3.2.28 and Lemma 3.2.4 respectively, 
such a twist will be AS-regular of dimension 4 and have the same Hilbert series as 
A. Moreover, Lemma 3.2.5 and Remark 3.2.6 imply that must have three degree 
1 generators. The proof of the first part of the lemma is completed by applying [8, 
Theorem 3.9], which implies that such a twist is also a domain. 
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Suppose now that A admits the quasi-trivial automorphism 0. It suffices to show 
that this preserves any induced G-grading, since in that case for all homogeneous 
elements x E Ag, y E Ah one has 

Hx y) = h)(j){xy) = y{g, h)(j){x)(j){y) = (j){x) (j){y), 

as 0(a;) E Ag and (^{y) E Ah- Observe that the following elements must be homoge¬ 
neous with respect to any induced G-grading, since any automorphism acts on them 
diagonally: 

Wi=Xi+X 2, W2 = Xi - X2, W3 = X3. (6.2.4) 

In particular, 0 acts on them diagonally. These elements generate A and therefore 
(f) must preserve any induced G-grading. □ 

The automorphisms corresponding to x come from scaling components of 
the Z^-grading. The additional presence of the quasi-trivial automorphism implies 
the existence of cocycle twists relating algebras in different families, as we now show. 
Recall that Lemma 3.2.2 concerns generators of ideals under cocycle twists; we use 
this lemma implicitly in the proof. 

Theorem 6.2.5. Let G = {C2Y = {91,92) and let y denote the 2-cocycle of G dehned 
in (3.1.11). Then there are /c-algebra isomorphisms 

Proof. Once again, we will use the isomorphism G = G^ given by (3.1.9). Let us 
begin by defining the action of G which we will use for each of the cocycle twists we 
perform. Note that all of the algebras in the statement of the result admit the quasi- 
trivial automorphism. Therefore we can let 91 act via the quasi-trivial automorphism 
and 92 act by multiplying X3 by -1 and hxing the other two generators. 

Since the standard generators are not diagonal with respect to this action, we will 
instead use the generators Wi,102,103 described above in (6.2.4). Denoting the algebra 
we wish to twist by A, the induced G-grading on the new generators is given by 

lOl E Ae, 102 EAg^, 103 EAg^. 

The dehning relations of any algebra in one of the eight families belong to different 
components of the Z^-grading. Observe that the algebras .4.(1,—1), B{1), C(l) and 
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P(l, 1) share three relations, only being distinguished from each other by their relations 
in the (2, l)-component. Writing the shared relations in terms of the diagonal basis we 
show that they are left invariant under the twist - the hrst two are quadratic relations: 


0 = wl 


Wl *u Wi W2 *nW2 2 2 

Wo = -^^- ^ -r = Wi *fj, Wi - W2 *fj. W2 = - V2, 


/i(e,e) ^( 92 , 92 ) 


0 = w^wi — W1W3 = 


W3 Wi Wi Ws 


while the third relation is cubic: 


T{e,9i) 


= W3 *a Wl - Wl *a W3 = V3V1 - V1V3, 


0 


w‘lw 2 


W 2 w‘l 


W 3 W 3 W 2 


W2 *), W3 W3 
K92, 9 i)K 9 i 92, 9 i) 


= W3 W3 W2 - W2 W3 W3 

= vlv 2 - V 2 vl. 


Thus, to verify the first two isomorphisms in the statement of the result it suffices 
to consider the behaviour under the twist of the only relation they do not share. We 
hrst twist this relation in the algebra .4.(1, —1), having once again written it in terms 
of the new generators beforehand: 


0 = [tC3, [wi,W 2 ]+] 

= W3W1W2 + W3W2W1 — W1W2W3 — W2W1W3 

_ W3 Wl W2 W3 W2 Wl _ Wl W2 *f, W3 _ W2 *f, Wl W3 

K9i,e)K9i,92) fx{gi,g2)T{9i92,e) fx{e, g 2 )fJ,{g 2 , gi) fj,{g 2 ,e)g,{g 2 , gi) 

= -W3 Wl W2 - W3 W2 *f, Wl - Wl W2 *f, W3 - W2 *f, Wl W3 

= -h, [ni,n2]+] + . 

This relation is the same as that in T>(1,1) under the new generators, which proves 
the hrst isomorphism. 

Let us now move on to B{T). Twisting the non-shared relation we see that 

0 = [^3, [W 2 ,wi]] + 

= W3W2W1 — W3W1W2 + W2W1W3 — W1W2W3 

_ W3 W2 Wl _ W3 Wl W 2 ^ W 2 Wl W3 _ Wl *f, W2 *f, W3 

T{9i,92)K9i92,e) g,{gi,e)g,{gi, g 2 ) fj,{g 2 ,e)g,{g 2 , gi) n{e, g 2 )fJ,{g 2 , gi) 

= -W3 W2 Wl + W3 *f, Wl *f, W2 + W2 *f, Wl W3 - Wl *f, W2 W3 

= [V3, [VI,V2]]. 
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This relation is shared by C(l) under the new generating set, which proves the second 
isomorphism. 

We now move on to the remaining two isomorphisms. The algebras in the relevant 
families share three relations, two of which we have already shown are preserved under 
the cocycle twist. This is also true for the third relation, which as yet we have not 
encountered: 


0 = 10^102 + W2wl 


W 3 *), W3 W2 W2 W3 W3 

t{9i, 9i)Kc 92) t{92, 9i)9'{9i92, 9i) 


= W3 W3 *1, W2 + W2 *1, W3 W3 

= vlv 2 + V 2 vl. 


Once again, it suffices to see what happens to the non-shared relation. In £(1,7), 
where 7 = ±f, one has 


0 = W3W2W1 — W1W3W2 + 'ywiW2W3 — 'yw2WiW3 

_ W3 W2 Wi Wi *f, W3 *f, W2 ^ Wi W2 *f, W3 W2 Wi W3 

K91,92)^(9192, e) fj,{e,gi)fj,{gi,g2) V(e, fi-i) e)/i(fi'2, fi-i) 

= -W3 W2 *f, Wi + Wi *f, W3 *f, W2 + 'ywi W2 *f, W3 - 7^2 Wi *f, W3 
= -V3V2V1 + V1V3V2 + 'IV1V2V3 - 7 n 2 t'it' 3 - 

This is the final relation in £^( 1 ,- 7 ) under the new generators, which proves the 
penultimate isomorphism. 

We now twist the final relation of ^( 1 , 7 ), where 7 = ^ and so 7 = 

0 = W3W1W2 + W3W2W1 + iWiW2W3 + iW2WiW3 

_ UI3 Wi W2 ^ W3 W2 *1, Wi ^ . Wi W2 W3 W2 Wi W3 

K9i,e)K9i,92) ix{gi,g2)T{9i92,e) g,{e, g2)g,{g2, gi) g,{g2,e)g,{g2, gi) 

= -W3 Wi W2 - W3 W2 Wi + iwi W2 W3 + iW2 *f, Wi W3 
= -V3V1V2 - V3V2V1 + iViV2V3 + iV2ViV3. 

This is precisely the final relation of ^( 1 , 7 ) under the new generators, which proves 
the last isomorphism in the statement of the theorem. □ 

Combined with the fact that A{b, —1), B{h), C{b), 6 ^), £^( 6 , 7 ) and G{b,'y) are 

Zhang twists of the respective algebras in the statement of Theorem 6.2.5 for any 
parameter b E [51, §3], this result gives a partial description of such algebras up to 
cocycle twisting. 
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6.3 Twisting an algebra of Vancliff 

In this section we will investigate cocycle twists of algebras stndied in [72], which are 
defined for algebraically closed fields of characteristic not equal to 2. Their properties 
are strongly controlled by some associated geometry; corresponding to each algebra 
there is nonsingular quadric Q and a line L in P|, along with an automorphism a G 
Aut((5 UL). The algebras split into two families depending upon whether a preserves 
or interchanges the rulings on Q. 

We will focus on the algebras for which the automorphism preserves the two rulings. 
While there exist graded automorphisms in the other case, those which are diagonal 
with respect to the relations given in [72, Lemma 1.3(b)] produce cocycle twists which 
are Zhang twists of the N-grading. This will not be true for our examples, since the 
point scheme of the twists is only 1-dimensional, as proved in Proposition 6.3.10. 

The algebras we shall twist will be denoted by R{a,/3,X), where a,/3,X G are 
scalars satisfying A ^ a/3. As we did in Chapter 4 for Sklyanin algebras, we will omit 
the parameters if no ambiguity will arise. The defining relations of R(a, (3, A) are given 
in [72, Lemma 1.3(a)]: 


X2X1 = axiX2., x^xi = Axi^a, x^xi = aXxix^, X4X3 = ax^x^, 

X 4 X 2 = XX 2 X 4 , xsX 2 — ( 3 x 2 Xz = {a/3 — A)a;ia; 4 . 


(6.3.1) 


Example 1.5 from [72] shows that taking a = q, [3 = 1 and A = g ^ for some q E 
such that 7 ^ 1 , one obtains the coordinate ring of quantum 2 x 2 matrices, denoted 
by Oq{M 2 {k)). 

The geometric data associated to R lies inside P(i?i) = P|, namely the quadric 
Q = V{xiX 4 + X 2 X^) and the line L = V{xi,X 4 ). The automorphism a is described in 
the proof of Lemma 1.3(a) op. cit.: 

ckA 0 0 0 

0 A 0 0 

0 0 a 0 

0 0 0 1 

To find N-graded algebra automorphisms for which the given generators form a 
diagonal basis, one only needs to consider the relation X 3 X 2 —( 3 x 2 X 3 = {a/3 —X)xiX 4 ] the 
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other relations are fixed by any automorphism that acts diagonally on the generators. 
Suppose that an automorphism acts by Xi e-)■ AjXj for some Aj G . From the 
relevant relation we see that A 2 A 3 = A 1 A 4 must hold. It is clear that there are many 
automorphisms that would satisfy this condition, but we will focus on the following 
action of G = (^ 2 )^ = ( 91 , 92 ) on R: 

91 : Xi^ Xi, X2 I—)■ X2, X3 i-G- —X3, X 4 ^ I—)■ —X4, 

(6.3.3) 

92 Xi I—)■ Xi, X2 —X2, x^ H-)■ Xa, 0:4 I—)■ —Xi- 

Since |G| = 4, our assumption on the characteristic of k means that char(A;) \ |G| 
always hold. Under the isomorphism G = G'^ given by (3.1.9), the action in (6.3.3) 
induces the following G-grading on the generators of R: 


xi e Re, X 2 e Rg^, xs e Rg^, X 4 e Rg^g^. (6.3.4) 

We now give the relations of the cocycle twist of R that we will study. 

Lemma 6.3.5. Consider the G-grading on R{a, ( 3 , 7 ) induced by the action of G given 
in (6.3.3), and let n be the 2-cocycle defined in (3.1.11). Then the associated cocycle 
twist R{a, / 3 ,'j)^’^ has defining relations 

^2^1 = aviV2, V3V1 = \v1V3, V4V1 = Q;Anin4, ^4^3 = —av^v^, 

(6.3.6) 

V4V2 = -XV2V4, V3V2 + /3v2Vs = {a /3 - X)viV4. 

Proof. Note that since Xi G Re, the three commutation relations from (6.3.1) involving 
Xi are left invariant under a twist by 9 ,. Computations for the remaining three relations 
when twisted by this 2-cocycle are deferred to Appendix A. 2 . 1 . Lemma 3.2.2 shows 
that the ideal of relations in the twist is generated by the six relations in (6.3.6). □ 

We now highlight some of the properties that the cocycle twist possesses. 

Theorem 6.3.7. Suppose that a,( 3 ,X G k^ and A 7 ^ al 3 . Then R{a, ( 3 ,X)^'^ has the 
following properties: 

(i) it is an iterated Ore extension over k; 

(ii) it is generated in degree 1 with Hilbert series 1/(1 — t)^] 


(iii) it is noetherian; 



CHAPTER 6. OTHER TWISTS 


156 


(iv) it is Cohen-Macaulay and Auslander regular of global dimension 4; 

(v) it is AS-regular. 

Proof. By adjoining the generators in the order Vi, 02 , 0^,03 to k, it is clear that the 
twist is an iterated Ore extension (in which the endomorphisms are in fact automor¬ 
phisms). This has two consequences; hrstly, it implies that R{a, /3, has Hilbert 
series 1/(1 — and is generated in degree 1, while an application of [23, Theorem 
2 .6] shows that it is noetherian. 

By Corollary 1.9 and Proposition 2.3 from [72], R[a,l3, A) is Cohen-Macaulay and 
Auslander regular of global dimension 4. These properties are preserved under twisting 
by Propositions 3.2.18 and 3.2.42. Part (v) can then be proved by applying [34, 
Theorem 6.3] to R{a, P, X)^’'^. □ 

We will drop the parameters from our notation in future since there will be no 
ambiguity, thus R^’^ is our object of study. 

Our focus now turns to geometry, beginning with a description of the point scheme 
of R^'^ at the level of its closed points. This will show that such algebras do not 
belong to either of the families dehned in [72], nor are Zhang twists of the N-grading 
of such an algebra. 


Lemma 6.3.8. Let r 2 be the projective scheme determined by the multilinearisations 
of the dehning relations of R^'^ given in (6.3.6). Then such multilinearisations can be 
expressed in terms of matrices as M • n = 0, where 


/ 


M = 


V21 

—avii 

0 

0 ^ 


CA 

V31 

0 

-Ann 

0 


Vai 

0 

0 

— aAnii 

and n = 

V22 

0 

0 

Vai 

ansi 


V32 

0 

Vai 

0 

An2i 


\Va 2 j 

0 

V31 

I^V2l 

-(a/3 - X)viij 




(6.3.9) 


Furthermore, r 2 is the graph of the point scheme P of R^'^ under the associated 
automorphism 0. Points in P are precisely those points in P| for which the matrix M 
has rank 3 when evaluated at them. 
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Proof. It is a routine calculation to verify that the matrices in (6.3.9) and the equation 
M ■ v = 0 give an alternative description of the multilinearisations of the relations in 
(6.3.6). This formulation will prove useful to us when proving Proposition 6.3.10. 

To prove the second part of the lemma it would suffice to apply Theorem 2.1.26. 
This is possible by the conclusion of Theorem 6.3.7, thus r 2 is the graph of T under 
the associated automorphism 0. 

Let us now address the hnal part of the lemma by supposing that p G T. As r 2 
is the graph of an automorphism, is the unique point q for which {p,q) G r 2 . In 
terms of the matrix equation M • u = 0, this means precisely that the rank of M when 
evaluated at p must be 3. □ 

We are now in a position to describe the closed points of T. Rather than hrst 
hnding the points of r 2 as we have done on previous occasions (in Lemma 4.1.23 for 
example), we will hnd the points of T directly. 

Proposition 6.3.10. The point scheme T of R^'^ consists of the union of the following 
lines in P|: 


Li2 : Ui = U2 = 0, Li3 : = ug = 0, L = : Vi = = 0, 

L24 : U2 = U4 = 0, L34 : V3 = V4 = 0. 


(6.3.11) 


Moreover, the associated automorphism 0 is dehned on each of these lines by 




4^\l24, 





(6.3.12) 


where these lines have been identihed with in the obvious manner. 


Proof. Consider the matrix M in (6.3.9), where we now suppress the second subscript 
of the variables therein. By Lemma 6.3.8 we are looking for points p G P| at which 
the matrix M has rank 3. In particular, the 4x4 minors of M must vanish. On 
computing these minors, one obtains the following equations - note that there are 
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only 14 equations since one of the minors vanishes at all points of P|. 

mi := 2a‘^Xvfv3V4, m 2 := 2a\‘^vlv2V4, m 3 := 2aXviV2vl, 
mi := —2af3XviV2V4, ms := 2aXviV3vl, me := 2aXvivlv4, 

m'l := q;Aui((A — al3)viV4 + (A + af3)v2V3), 
mg := q:WiV3((A - al3)viV4 - (A + a(5)v2V3), 
mg := Awit;2((A - a(3)viV4 - (A + a(3)v2V3), 

(6.3.13) 

mio := aviV4{{X — al3)viV4 + (A — a/3)v2V3), 
mil := V2V4{{X + a(5)v2V3 - (A - a(5)viV4), 
mi2 := At;iW4((A — al3)v2V3 — (A — al3)viV4), 
mi3 := W3t'4((A + af3)v2V3 - (A - af3)viV4), 
mi4 := V4((A + a(5)v2V3 - (A - a(5)viV4). 

We will now analyse (6.3.13). Equations mi through me vanish if either vi = 0, 
W 4 = 0 or t ;2 = V 3 = 0. It is clear by looking at mj or mu that the latter case can be 
subsumed into either of the former two cases. If Wi = 0 then mi 4 implies that one of 
the other generators must also vanish, in which case all of the equations vanish. When 
W 4 = 0 one can use my to reach the same conclusion. 

The points obtained from this argument are those on the lines in (6.3.11). It 
remains to see that the matrix M has rank exactly 3 when evaluated at any of such 
point; this is clear from (6.3.13). We can then determine the behaviour of 0 on each 
line in T by solving the matrix equation M ■ v = 0 when M has been evaluated at a 
general point on the line. This analysis reveals that 0 behaves as described in (6.3.12); 
in particular, it preserves each of the lines in (6.3.11). □ 

In future we will write Lu for the line L to fit in with the notation used in (6.3.11) 
for the other lines in the point scheme of R^'^. 

Corollary 6.3.14. Suppose that a,l3,X G and A 7 ^ a/I. The twist R{a, P, X)^’'^ 
is not isomorphic as an N-graded algebra to an algebra from one of the two families 
studied in [72]. Furthermore, it is not a Zhang twist of the N-grading of such an 
algebra either. 

Proof. Both graded isomorphisms and Zhang twists preserve the point scheme of an 
algebra (the latter via Theorem 2.2.18). However, the algebras in the two families in 
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[72] have a point scheme containing a quadric by Proposition 2.1 op. cit., therefore in 
particular are 2-dimensional. By Proposition 6.3.10 the point scheme of R{a,l3, A)^’^ 
is 1-dimensional, from which the result follows. □ 

It is shown in [72, Corollary 3.4] that for some normal degree 2 element hi there is 
an isomorphism of /c-algebras 

= R/{n). 

The invertible sheaf Ai = j*Op3(l) is associated to the embedding j : Q ^ P^. We 
will write S := B{Q, Ai^q) in future. In Vancliff’s notation ^ = (t|q, however we wish 
to distinguish this automorphism from that associated to the point scheme of R. 

One can say more about the normal element governing this factor ring: Lemma 
1.11(b) from [72] implies that O is the unique (up to scalar multiple) element which 
annihilates those point modules lying on Q, while not annihilating all of those on 
Li 4 . The explicit form of O is not used in Vancliff’s paper, however the following 
calculation implies that O = axix^ + X 2 X 3 up to scalar: evaluating this element at a 
point p = {pi,P 2 ,P 3 ,P 4 ) e Q gives 

{axiX 4 , + X 2 X 3 ){p,p'^) = axi{p)x 4 {p‘") + X 2 {p)x 3 {p'^) = a^A(pip4+P 2 P 3 ) = 0, (6.3.15) 

upon using (6.3.2). The only points on L 14 which are annihilated by hi are 62 and 63 , 
which are the only points in the intersection Q fl L 14 . 

Notice that hi is homogeneous with respect to the G-grading dehned in (6.3.3) and 
therefore by Lemma 3.2.2 one has 

^ R^’^^/{Q), (6.3.16) 

where 0 := aviv^ — V 2 V 3 , the element corresponding to hi under the twist. 

We now prove a lemma concerning point modules over 

Lemma 6.3.17. The point scheme P' of consists of the four lines L 12 , L 13 , L 24 

and L34. 

Proof. Recall from Proposition 6.3.10 that the point scheme P of R^'^ consists of the 
four lines in the statement of the lemma together with L 14 . Since is a factor ring, 
proving the lemma amounts to showing that 0 vanishes at points on L 12 , L 13 , L 24 and 
L 34 , but not at points of L 14 (other than points of intersection with the other lines). 
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Evaluating 0 at a point p = {pi,P 2 ,P 3 ,P 4 .) G T gives 

= avi{p)v4{p‘f’) -V2{p)vz{p'^). 

One can now use (6.3.12), which describes the automorphism 0, to see that 0 vanishes 
on the four lines given in the statement of the lemma but not on L 14 \ {e 2 , 63 }. □ 

While both and are cocycle twists of twisted homogeneous coordinate 
rings, the former has a 1-dimensional family of point modules by Lemma 6.3.17, while 
the latter has none. We know that there are fat point modules of multiplicity 2 over 
therefore it is natural to ask if possesses such modules too, and moreover if 

they arise in the same way. We will show that this is indeed the case, and in so doing 
explain the existence of the point modules over To allow us to use results from 

§3.3 we will work with R and rather than the factor rings S and respectively. 

The following result is suggestive because the locus it describes is precisely the 
point scheme of 

Lemma 6.3.18. The locus of points on Q that belong to G-orbits containing fewer 
than 4 points is L12 U L13 U L24 U L34. 

Proof. Firstly, note that we are in the situation described by Hypotheses 3.3.1; R 
is generated in degree 1, G is the Klein-four group and p, is the 2-cocycle dehned in 
(3.1.11). Moreover, the action of G on Ri affords the regular representation by (6.3.4), 
while R satishes the hypotheses of Theorem 2.1.26 by Corollary 1.9 and Proposition 
2.3 from [72]. Consequently, the action of G on the point scheme Q U L 14 of R is as 
given in (3.3.8). 

We can now observe that, as in the proof of Lemma 5.3.29, a point p E Q with 
three non-zero coordinates lies in a G-orbit containing 4 points. We are led to look for 
points on Q for which at least two coordinates are zero, which is precisely the union of 
lines given in the statement of the lemma. Note that orbits on this union of lines all 
contain 2 points apart from the singleton orbits [cq], [ci], [ 62 ] and [es], which are fixed 
by the action of G. □ 

We will refer to orbits containing fewer than 4 points as degenerate, whereas those 
containing 4 points will be described as nondegenerate. From the dehning equation of 
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Q one can see that the nondegenerate orbits contain precisely those points for which 
at least three of their coordinates are non-zero. 

In the next result we once again use Notation 4.2.2 to avoid confusion; point 
modules over R will be denoted by Mp, while those over R^'^ will be written Mp. 


Proposition 6.3.19. Let Mp be a point module over R. The right M 2 (i?)-module 
Mp becomes an i?‘^’^-module upon restriction for which: 

(i) if p belongs to a nondegenerate orbit then Mp is a fat point module of multiplicity 

2 over where Mp = M^ if and only if g G [p]; 

(ii) if p belongs to a degenerate orbit containing 2 points then Mp = Mp/ © Mq/, 
where \p'] = {p',q'}. Furthermore, if p ^ Li 4 then [p] = [p']; 

(iii) if p = Cj then Mp = Mp. 


Proof. As we saw in Lemma 6.3.18, the action of G on QULu is given in (3.3.8). The 
automorphism a which is associated to the point scheme was described in (6.3.2). By 
comparing the two actions on points one can see that they commute. Thus the action 
of (T on Q U ©14 preserves (non)degeneracy of orbits. 

Suppose now that a point p lies in a nondegenerate orbit of Q U © 14 . By dehnition 
of such an orbit, three coordinates of p are non-zero and so we may apply Proposition 
3.3.5 to construct a fat point module Mp associated to it. If there were an isomorphism 
between two such modules, M^ = M^ say, then Corollary 3.3.16 implies that q = p^, 
which completes the proof of (i). 

For the remaining cases we will have to get our hands dirtier, therefore we recall 
from Lemma 3.3.3 that the generators of R^'^ as a subring of M 2 {R) are given by the 
matrices 


Vi = 







(6.3.20) 


Recall also that for a point module Mp the action of the generators of R on {Mp)n is 
governed by coordinates of a"'{p). 

We now begin to prove (ii). Let p E Q belong to a degenerate orbit of size 2 , thus 
\p] = {pm}- The point module Mp is governed by a right ideal Ip in R of the form 
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{xi, Xj, \xk — xi) for some X E and distinct i,j, k, I G {1, 2 , 3,4}. We will deal with 
each line in the locus described in Lemma 6.3.18 separately. 

First suppose that p = (0,0,a;, 1) G L 12 for some u E k^. Note that = 

(0, 0, Wu, 1) for all n G N. The generators vi and V 2 annihilate the module, and for 
scalars E k one has 

Crrin) ■ = (a^caCm^+i, a'^upmn+i), {prrin, Crrin) ■ V4 = {Crrin+i, -prrin+i). 

Suppose that both V3 and V4 send this element to the same 1-dimensional subspace. 
One is forced to have either 77 = 0 or ^ = 0. The submodules generated by (mo, mo) 
and (mo, —mo) are therefore point modules over R'^’^, which we will denote by Mpi and 
Mq! for some p\ q' eT respectively. They span and do not intersect each other. To 
discover which points p' and q' are, observe that + (—l)"^Q;"^Ci;n 4 annihilates {Mpi)n 
and V 3 — (—l)”Q;"^a;n 4 annihilates {Mqi)n for all n G N. From this one can see that 
there is a decomposition of right i?'^’^-modules 

= (mo, 0)R^’^ © (0, mo)R^’^ ^ Mp92 © Mp. 

Now suppose that p = (ca, 1,0,0) G L 34 for some a; G in which case one has 
(t”(p) = {Woj, 1,0,0) for all n eN. The generators V 3 and V 4 annihilate the module, 
and for scalars 77, C G /c one has 

(77m„, Crrin) ■ Ui = {Wupnin+i, WuCrrin+i), {r]mn, (rrin) ■ V 2 = {r]mn+i, -(mn+i). 

Once again, the disjoint submodules generated by (mo, 0) and (0,mo) are point 
modules over We will denote these modules by Mp/ and Mqi respectively, as we 

did for points on © 12 . Observe that Vi — Wuv 2 annihilates {Mpi)n and Vi + Wuv 2 
annihilates {Mq/)n for all rr G N. Thus there is a decomposition of right i?*^’^-modules 

Ml = (mo, O)/?^’'^ © (0, mo)R^’^ = Mp © Mp92. 

In the remaining two cases there is a slightly different direct sum decomposition. 
Suppose that p = (0, ca, 0,1) G ©13 for some u E k^. One has a^(p) = (0, X'^u, 0,1) for 
all TT G N. The generators vi and V3 annihilate the module, and for scalars p,C E k 
one has 


(77m„, (mn) ■ V 2 = {X^uprrin+i, -X'^uCrrin+i), {jjrrin, (rrin) ■ V 4 = {(mn+i, -prrin+i). 
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In this case one must have 77 ^ = to ensure that both generators map (r/mn, (frin) 
into the same 1-dimensional vector space. One can see that the submodules generated 
by (mo, mo) and (mo, —mo) are disjoint point modules over which we will denote 
by Mp! and Mqi respectively, as above. Observe that V2—{—l)"'WujV4^ annihilates {Mp/)n 
and V 2 + (—l)"'A"'a;n 4 annihilates {Mqi)n for all n G N. Thus there is a decomposition 
of right i?‘^’^-modules 

Mp = (mo, mo)R^'^ © (mo, -mo)R^'^ = Mp® Mpsi. 

Finally, suppose that p = (ca, 0,1,0) G ©24 for some u E . One has (t”(p) = 
(A^ca, 0,1, 0) for all n G N. The generators V2 and annihilate the module, and for 
scalars 77 , C G /c one has 

(77m„, Cm„) • vi = {Mupmn+i, WuCmn+i), (77m„, Cm„) • = (Ctti^+i, T/m^+i). 

As for the line L 13 , the submodules generated by (mo,mo) and {mo,—mo) are 
disjoint point modules over R^'^, which we denote by Mpi and Mqi once again. Observe 
that vi — Mojvo annihilates {Mpi)n and vi + annihilates {Mqi)n for all rr G N. 

Thus there is a decomposition of right i?'^’^-modules 

Mp = (mo, mo)R^'^ © (mo, —mo)R^'^ = Mp® Mpsi. 

To complete the proof of part (ii) we must consider the points belonging to degen¬ 
erate orbits of order 2 for which p G © 14 . Suppose that p = (0, u, 1, 0) for some u E 
(thus p G Li 4 ^\Q) and consider the restriction of the right M 2 (i?)-module Mp to R^'^. 
One has a'^{p) = (0,/9'^a;, 1,0) for all rr G N. The generators Vi and ^4 annihilate the 
module, and for scalars E k one has 

(77m„, (mn) ■ V2 = {(^'^upmn+i,-fi'^uCmn+i), {pmn, (mn) ■ V3 = {(mn+i, pmn+i). 

The submodules generated by (mo, imo) and (mo, —imo) can be seen to be disjoint 
point modules over Observe that V 2 + {—/ 3 )"'iuv 3 and V 2 — {—/ 3 )^iuv 3 anni¬ 

hilate the degree n pieces of these modules respectively. It follows that there is a 
decomposition of right i?'^’^-modules 

= {mo,imo)R^'^ © (mo, -imo)R^'^ = M^o-iu^pp) © M(o,ia;,i,o)- 
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We must now address (iii) and the four points p = Cj for j = 0,1, 2, 3. Since in that 
case three of the generators of R annihilate Mp, the i?^’^-submodules of generated 
by (mo,0) and (0,mo) are disjoint, span and are both isomorphic to Mp. □ 

Let us now use Proposition 6.3.19 to consider the restriction of modules from R'^’^ 
to Recall that the point scheme of S is the quadric Q, thus the modules over 

considered in the proposition that correspond to points on Q can be restricted 
to In particular, note that Proposition 6.3.19(i) implies that has a family 

of fat point modules of multiplicity 2 parameterised by an open subset of Q^. 

One can compare the behaviour described in Proposition 6.3.19 with the work in 
[31], where Le Bruyn studies fat point modules over algebras that are hnite over their 
centre. As stated in the introduction to that paper, the study of fat point modules of a 
certain multiplicity is equivalent to studying the ramihcation locus of a push-forward 
sheaf. In our situation, if one regards points in degenerate orbits as being ramified — 
which coincides with the meaning of the term for curves, see [69, Lemma 8.15] — then 
the behaviour of fat point modules is once again related to ramihcation. 

The behaviour we have encountered in §5.3 and §6.3 with regard to fat point 
modules over certain cocycle twists suggests the following questions. 

Questions 6.3.21. Let T = B{X, C,a) be a twisted homogeneous coordinate ring. 
Suppose that a hnite abelian group G acts by graded automorphisms on T, and let 
be a cocycle twist of the induced G-grading. 

(i) Can be described geometrically? 

(ii) Can one construct fat point modules over via restriction of modules from 
TGp, even when the twisted group algebra is not a matrix ring as in our exam¬ 
ples? 

(iii) If there is a positive answer to (ii), is the decomposition of such a T'^’^-module 
into 1-critical modules — in the sense of a critical composition series — deter¬ 
mined geometrically? 
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6.4 Twisting a graded skew Clifford algebra 

In this section we study graded skew Clifford algebras, which were introduced by Cas¬ 
sidy and Vancliff in [18]. Such algebras are — as the name suggests — generalisations 
of graded Clifford algebras. In [44] it was shown that almost all AS-regular algebras 
of dimension 3 generated by three degree 1 generators are either graded skew Clif¬ 
ford algebras or Ore extensions of such algebras (which are themselves AS-regular of 
dimension 2 ). 

There is a recent corrigendum to [18], namely [17], which contains modifications of 
several definitions and results. Where appropriate we will reference the corrigendum; 
for a description of what remains valid in the original paper, see the introduction to 
|17]. 

We will assume throughout this section that char(A;) 7 ^ 2. Let fx G Mn{k) be a 
multiplicatively skew-symmetric matrix with fin = 1. This means that Hij = jxjl for 
all i, J = 1,... Such a matrix defines a skew polynomial ring S on the generators 
Zi,..., Zn In. a, natural manner, with defining relations ZjZi = pijZiZj. A matrix M G 
Mn{k) is pi-symmetric if Mij = fXijMji for alH, j = 1 ,..., n. 

Definition 6.4.1 ([18, Definition 1.12]). Let pi be as above and Mi,..., be p,- 
symmetric matrices. The graded skew Clifford algebra A = A{p,Mi,... ,Mn) associ¬ 
ated to this data is a graded A;-algebra with degree 1 generators xi,... ,Xn and degree 
2 generators yi,... ,yn. The following conditions are satisfied: 

(i) the relations are of the form XiXj-\- pijXjXi = J 2 fl=ii^k)ijyk for all i, j = 1 ,... ,n; 

(ii) there exists a normalising seguence {ri,..., r^} that spans kyi kyn (see 

[18, Definition 1.9(a)]). 

Although it may appear that this algebra is not generated in degree 1, Lemma 1.13 
op. cit. gives equivalent conditions such that yi G (Ai)^ for alH = 1,... ,n. One such 
condition is that the matrices Mi,..., are linearly independent. 

The main result regarding such algebras is Theorem 4.2 op. cit., which is correct as 
stated under the changes in the relevant definitions given by [17, Definition 2]. It relates 
to a condition on the quadric system determined by = zM^z'^ for k = 1 ,... ,n, 
where 2 : = {zi,..., Zn). Suppose that this system is normalising, thus Sqk = quS 
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for all k = and satisfies one of the eqnivalent conditions of [17, Corollary 

11]. Then the main theorem states that A{fi, Mi,..., Mn) is an AS-regnlar domain of 
global dimension n. 

Let us consider a concrete example which is AS-regular of dimension 4. The exam¬ 
ple we will study has already appeared in Theorem 5.1.12 and is the algebra obtained 
by factoring the free algebra k{xi,X 2 ,X 2 „X 4 } by the ideal generated by the relations 

XiXi—ixiXii, x\ — x\, x^xi — xix^ + xl, X3X2 — ix2X3, xl—xl, 

(6.4.2) 

X 4 X 2 - X 2 X 4 + jxl. 


This algebra — which we denote by A(/i, Mi,..., M4) — is discussed in [18, Example 
5.1]. The corresponding multiplicatively skew-symmetric matrix is 


/ 


1 



fi = 


—i 1 
-1 -i 


i 

1 



\-i -1 -i 1 J 

with associated normalising quadric system 


(6.4.3) 


qi = Z1Z2, q2 = ^ 32 : 4 , q3 = zl + zl + JZ2Z4, q4 = Z2+ zl + Z1Z3. ( 6 . 4 . 4 ) 


One can calculate using = zM^z'^ that the corresponding /i-symmetric matrices 
are 



^ 0 

1 

2 

0 

0^ 


(0 

0 


0 

0^ 


_ i 

0 

0 

0 


0 

0 


0 

0 

Ml = 

2 




, M2 = 







0 

0 

0 

0 


0 

0 


0 

1 

2 



0 

0 

V 



0 


1 

2 

V 


fi 

0 

0 

0^ 


^ 0 


0 

1 

2 

0^ 


0 

0 

0 

1 


0 


1 

0 

0 

CO 




2 

, M4 = 







0 

0 

1 

0 


_ ] 


0 

0 

0 


1° 

7 

2 

0 

V 


VO 


0 

0 

V 


These matrices are easily seen to be linearly independent, which implies that the 
degree 2 generators can be written in terms of the degree 1 generators. 

One equivalent condition in [17, Corollary 11] is that factoring out the elements in 
(6.4.4) from S produces a hnite-dimensional algebra. The relations of S imply that to 
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prove this it suffices to show that sufficiently high powers of the generators vanish; any 
monomial can be rearranged into lexicographic order and will contain such a power if 
of high enough degree. One can verify that this is true in our case via equations (A.2.2) 
in Appendix A.2.2. By [18, Theorem 4.2] the algebra A(fi, Mi, ..., M4) is therefore an 
AS-regular domain of global dimension 4. 

We will now apply a cocycle twist to A(fi, Mi,. .., M4). Consider the graded action 
of G = (02)^ = { 91 , 92)1 defined on the generators by 

9 i ■. xi xi, X 2 ^ —X 2 , X 3 H-)■ X 3 , 0:4 H-)■ —X 4 , xf' = —xf^ for i = 1,2, 3,4. (6.4.6) 

Our assumption on the characteristic of k means that char (A;) \ |G| will always 
hold. As usual, we use the isomorphism G = given by (3.1.9) and the 2-cocycle 9 , 
dehned in (3.1.11). To avoid ambiguity we relabel this cocycle by r for the duration 
of this section. 


Lemma 6.4.7. The cocycle twist A(/r, Mi, ..., Mii)^x ^^n be presented as the factor 
of the free fc-algebra k{vi,V 2 ,V 3 ,V 4 } by the ideal generated by the relations 

V4V1 + iviVi, vl - vl, V3V1 - V1V3 -f vl, V3V2 + iv 2 V 3 , vl - vl, 

(6.4.8) 

U4U2 - V 2 Vi + 7U4. 

Proof. The algebra A{fj,, Mi, ... , M4) is generated in degree 1, thus by the action of 
G dehned in (6.4.6) and Remark 3.2.6 one can conclude that A(/i,Mi,... ,M 4 )^''^ is 
also generated in degree 1. The computations needed to obtain the relations in (6.4.8) 
from those in (6.4.2) are given in (A.2.1) in Appendix A.2.2. Lemma 3.2.2 conhrms 
that these relations are in fact the dehning relations in the twist. □ 


In fact, the cocycle twist A^jj,, Mi,..., Mi)^^ ^^n also be described as a Zhang 
twist of the N-grading on A(/i, Mi, ..., M4), as the following proposition shows. One 
might expect this behaviour since 9192 acts by a scalar, and using such an action was 
the key idea in the proof of Proposition 3.1.21. 

Proposition 6.4.9. Let 0 denote the algebra automorphism by which the element 
9 i & G acts. Then there is an isomorphism of /c-algebras 

A(/i, Ml, ..., Mif'^ ^ A{ 9 , Ml,..., 

where the algebra on the right is the Zhang twist of the N-grading on A(/i, Mi,..., M4) 
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Proof. Consider the relations of A{fi, Mi,..., M4) in ( 6 . 4 . 2 ). Their behaviour under a 
Zhang twist by 0 is given below: 

a;4a;i — ixix^ = x^ Xi + ixi x^, x\ — x\= X 3 X 3 — Xi Xi, 

X3X2 - 1X2X3 = -X3 *S X2 - 1X2 *<A X3, x‘l-xl = -X4 *A X4 + X2 *4> X2, 

( 6 . 4 . 10 ) 

X3X1 - X1X3 + xl= X3 Xi - Xi X3 - X2 *4> X2, 

X4X2 - X2X4 + 7X1 = -X4 X2 + X2 *4, X4 + 7X1 *4, Xi- 

To obtain the relations in A{^, Mi,..., M4)^x from those in ( 6 . 4 . 10 ), one needs to 
rescale the generators by X2 e-)■ —X2 and X3 1—)■ —X3. □ 

We now consider the question of whether A(/i, Mi,..., Mn)^x jg another graded 
skew Clifford algebra. At the end of [ 18 , Example 5 . 1 ] it is explained that some 
Zhang twists of their example correspond to other possible skew-symmetric matrices 
for the same normalising sequence. Since our example is a Zhang twist of this form by 
Proposition 6 . 4 . 9 , it seems likely that it would be associated to the same normalising 
quadric system. The relations in ( 6 . 4 . 8 ) suggest that we would have 

/il3 = — 1 , /ii4 = i, /i 24 = — 1 , /^23 = —i) ( 6 . 4 . 11 ) 

in the associated multiplicatively skew-symmetric matrix if this were the case. We 
prove that the twist is indeed another graded skew Clifford algebra with the same 
normalising sequence, but a different skew-symmetric matrix. 

Proposition 6 . 4 . 12 . For ^ and Mi ,..., M^ as in ( 6 . 4 . 3 ) and ( 6 . 4 . 5 ), 

A(/i, Ml,..., M„)«’" ^ A(/i', Mi,...,Mrfj, 

as /c-algebras, where 

1 —i—1 i 

i 1 -i -1 
— li 1 —i 
—i—li 1 

Moreover, A{fi, Mi, ..., Mn)^x jg AS-regular domain of global dimension 4 . 

Proof. From ( 6 . 4 . 11 ) we already have several entries of a possible multiplicatively 
skew-symmetric matrix. The requirement that ( 6 . 4 . 4 ) is still normalising allows us to 
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calculate the rest of the entries as demonstrated in equations (A. 2 .3) through (A. 2 . 6 ) 
in Appendix A.2.2. One obtains the matrix fi' given above. 

We will show that Mi,..., M„) satishes the relations in (6.4.8). Using Dehni- 
tion 6.4.l(i) and the data from (6.4.5) and (6.4.13), the relations in A{fi', Mi,..., Mn) 
are 


2 x 1 = 1 / 3 , 2X2 = 1 / 4 , 2X3 = 1/3, 2X4 = 1/4, X1X2 - 1X2X1 = i?/i, X1X3 - X3X1 = i|/4, 

7 1 

X 1 X 4 - ixiXi = 0, X 2 X 3 - ix 2 ,X 2 = 0, X 2 X 4 - X 4 X 2 = -|/3, 2 : 3 X 4 - -/X 4 X 3 = -y 2 . 


One obtains the six relations from (6.4.8) and some extra relations telling us how 
to write the remaining degree 2 generators in terms of the degree 1 generators. Thus 
one has a surjective map A(/i, Mi, ..., Mn)'^’’^ —)■ A(/i', Mi, ..., Mn). Notice that the 
associated quadric system of A(/j,', Mi,..., Mn) is the same as for A(/i, Mi, ..., Mn), 
thus [18, Theorem 4.2] implies that it must be an AS-regular domain of dimension 
4. Since it is generated in degree 1 it must have the same Hilbert series as the twist, 
which implies that the surjection above is an isomorphism, completing the proof. □ 


Remark 6.4.14. We could also have proved that the twist is AS-regular of dimension 
4 using results from Chapter 3. 

Recall from the proof of Theorem 5.1.12 that A{n, Mi ,..., Mn) can be considered 
as part of a 1-parameter family of algebras. This family can be denoted by ^( 7 ) in 
light of the hnal relation in (6.4.2). Cassidy and Vancliff state in [18, Example 5.1] that 
the algebra A( 7 ) has a 0 -dimensional point scheme and a 1 -dimensional line scheme for 
all 7 G /c^. By Proposition 6.4.9 the cocycle twist A(/i, Mi ,..., Mn)'^’’^ is also a Zhang 
twist of the N-grading on A{n, Mi ,..., M„). It therefore follows from Theorem 2.2.18 
that A{n, Ml ,..., Mn)^’^ also has a 0 -dimensional point scheme and a 1 -dimensional 
line scheme. 


6.5 Twisting a universal enveloping algebra 

In this section we investigate cocycle twists of a universal enveloping algebra and its 
homogenisation. The relevant Lie algebra is si 2 {k), where k is some algebraically 
closed held of characteristic not equal to 2. Later in this section we will assume that 
k = C. After studying these twists we will discuss them in relation to the papers [32] 
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and [33]. The first of these papers contrasts the Lie-theoretic geometry of 5t2(C) with 
the geometry encoded in qgr(s[2(C)), while the latter generalises these ideas to the 
homogenised enveloping algebra of any hnite-dimensional complex Lie algebra. 

The standard presentation of U{ 5 l 2 {k)) is given by /c-algebra generators e,f,h 
snbject to the relations 

ef - fe = [e, f] = h, he - eh = [h, e] = 2e, hf - fh = [h, f] = -2/, 

where [—, —] denotes the Lie bracket on sl 2 {k). 

As usnal, to twist this algebra we need to first hnd some algebra antomorphisms. 
Observe that if snch an antomorphism acts diagonally on the given generators and is 
dehned by 

e I —y Aic, f I —y A2/', h 1 —y A3/1, 

then we must have A3 = 1 and A1A2 = 1. In addition to such scalar automorphisms, 
the maps dehned by 

e 1-4 /, / e-)■ e, h I—)■ ±h, 

also dehne automorphisms, although the given generators do not form a diagonal basis. 
We will consider the action of G = {C 2 Y = { 91 , 92 ) given by 

9 i- ee^f, /t-^e, he^-h, 92 : e -e, / -/, h h. (6.5.1) 

The change of generators E = e + f,F = e — f,H = h produces a diagonal basis, 
and the relations of U{sl 2 {k)) in terms of this new basis are 

EF - FE + 2H, HE - EH -2F, HF - FH-2E. (6.5.2) 

Under the action of G dehned in (6.5.1) and the isomorphism G = G'^ given by 
(3.1.9), the induced G-grading on the new generators of U{sl 2 {k)) is 

EeU{ 5 l 2 {k))g,, F eU{si 2 {k))g,g,, H eU{si 2 {k))g,. (6.5.3) 

We can now give the relations of the cocycle twist that we will study henceforth. 

Lemma 6.5.4. Let /i be the 2-cocycle dehned in (3.1.11). Then the cocycle twist 
U{sl 2 {k))'^’^ obtained using the G-grading in (6.5.3) has the following three dehning 
relations: 


E F F *fj_ E — 2H, H E -\- E H — 2F, H F -\- F H — 2E. (6.5.5) 
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Proof. These relations can be computed from those in (6.5.2), with the computations 
being given in Appendix A.2.3. Lemma 3.2.2 implies that the ideal of relations in the 
twist is generated by precisely these three relations. □ 

The homogenisation of U{5l2{k)), denoted Uh{sl 2 {k)), is the N-graded algebra ob¬ 
tained by homogenising the dehning relations of the enveloping algebra by a central 
generator, t say. One immediate consequence of this is that 

U{5l2{k)) ^ UH{5l2{k))/{t - 1), (6.5.6) 

while factoring out the ideal generated by t produces a polynomial ring on three 
generators by the PBW Theorem [30, Theorem 6.8]. 

The action of G defined in (6.5.1) can be extended to Uh{5l2{k)) by letting G act 
trivially on t. One can then twist the induced G-grading by the 2-cocycle jj, to obtain 
Uh{5{2{k))^'^, whose dehning relations are comprised of the homogenisations of those 
in (6.5.5): 

E*fj,F + F*^E-2H*^t, H*^E + E*^H-2F*^t, H*^F + F*^H-2E*^t, 

together with the three additional relations 

t*f,E - E *^t, t*^F - F *^t, and t*^H - H *^t. 

The following result is a twisted version of (6.5.6). 

Lemma 6.5.7. There is an isomorphism of /c-algebras 

U{sl2{k)f’^ = Uh{5l2{k)f’^^/{t - 1). 

Proof. The result follows from the fact that t — 1 is hxed by the action of G. □ 

Let us now assume that k = C and prove that Uh{5l2{C))^'^ has several good 
properties. 

Proposition 6.5.8. The cocycle twist Uh{sl 2 {C))^'^ is noetherian, Auslander regular 
of global dimension 4 and Cohen-Macaulay. Furthermore, it has Hilbert seres 1/(1—t)"^ 
and is generated in degree 1. 
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Proof. As noted at the beginning of [32, §2], Uh^shiC)) has all of the properties 
mentioned in the statement of the proposition. The result follows by Remark 3.2.6 
and an application of Lemma 3.2.4, Corollary 3.2.12 and Proposition 3.2.42. □ 

Now let us turn to the papers cited at the beginning of the section. It is remarked 
at the top of pg. 728 in [32] that there is a dichotomy in the problem of hnding 
linear modules over Uh{sl 2 {C)). In fact, this occurs in the more general situation of 
a hnite dimensional complex Lie algebra g, its universal enveloping algebra U{q) and 
homogenisation Uhio). Le Bruyn and Van den Bergh use the following fact in the 
proof of [33, Theorem 2.2]: the homogenising generator must either act faithfully on 
a linear module over Uhio) or annihilate it. 

The d-linear modules over Uh{Q) that are not annihilated by the homogenising gen¬ 
erator come from 1-dimensional representations of Lie subalgebras of g of codimension 
d, which are induced up to U{q) and then homogenised. Corollary 3.4 and Theorem 
3.5 from [33] describe the case when d = 0 in more detail. The structure of the point 
scheme of Uhio) depends on whether g = [g, g] or not: if this is true then the point 
scheme contains an embedded component; otherwise, the point scheme is reduced. 

We will now consider point modules over Uh{sl 2 {C))^’'^, for which there is also a 
dichotomy. By dehnition such modules are 1-critical, therefore by [35, Lemma 2.10] 
the generator t either acts faithfully on a point module or annihilates it. Our hnal 
result describes the point modules over 7//i(sl2(C))'^’^. 

Lemma 6.5.9. The point modules of Uh{sl 2 {C))^’'^ correspond to the three lines 
t = E = 0,t = F = 0 and t = if = 0, as well as the additional points 

(1,1,1,1), (1,1,-1,-1), (1,-1,1,-1) and (1,-1,-1,1). (6.5.10) 

Proof. By Proposition 6.5.8, Uh{sl 2 {C))^'^ satisfies the hypotheses of Theorem 2.1.26. 
That theorem implies that the graph of the point scheme of i//i(sl2(C))*^’^ under its 
associated automorphism arises as the scheme determined by the multilinearisations 
of the dehning relations. 

The matrix formulation of such multilinearisations (as in Lemma 6.3.8) can be used 
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to see that the point scheme consists of points (t, E, F, H) G P| for which the matrix 


-2H 

F 

F 

0 

-2F 

H 

0 

F 

-2F 

0 

H 

F 

F 

—t 

0 

0 

F 

—t 

0 

0 

H 

0 

0 

—t 


(6.5.11) 


has rank precisely 3. 

Consider those point modules which are annihilated by f, which enables us to set 
t = 0 in (6.5.11). Such point modules restrict to the factor ring f/;j(s[2(C))‘^’^/(t). 
This ring is isomorphic as a C-algebra to 


C_i[E, F, H] := C{F, F, H}/{EF + FF, EH + HE, FH + HF). 


It is well-known that any point module over this algebra is annihilated by one of the 
generators, with any point on one of the lines in the statement of the result giving rise 
to a point module. 

By the dichotomy on point modules it remains to consider point modules on which 
t acts faithfully. Thus we may assume that t = 1 into (6.5.11). Under this condition, 
the only points at which the matrix in (6.5.11) has rank 3 are precisely those stated 
in (6.5.10). □ 



Appendix A 


Calculations 


In this appendix we collect together some of the calculations that were omitted earlier 
in the thesis. 


A.l Calculations for Chapter 5 

A.1.1 Additional proof of Proposition 5.2.3 

We now give the more computational proof that the point scheme of is empty 
when |(t| = cxd. 

The point modules over are precisely those over that are annihilated by 
both of the central elements ©i and © 2 . We give the necessary computations to show 
that the ©i does not vanish at any of the 20 points in the point scheme of 

By Lemma 5.2.1, if an element that is hxed by G annihilates a point module then 
it annihilates the other point modules in the same G-orbit. Thus it suffices to show 
that ©1 does not vanish when evaluated at one point from each G-orbit. 

In Lemma 4.2.12 we described the G-orbits of the point scheme of A'^’^] there 
are four singleton orbits consisting of a point of the form Cj and four more orbits of 
order 4. Furthermore, Lemma 4.1.23 describes the behaviour of these points under the 
automorphism 0 that is associated to the point scheme. It is clear that ©i(ej, ej) ^ 0 
for i = 0,1, 2, 3, therefore we can immediately dismiss the singleton orbits. 

Now let p = (l,i, —i, —1), which will represent the remaining orbit of points fixed 
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under 0. Computing Qi{p,p), we find that 

0i(p,p) = -t'o(l)t'o(l) + Vi(i)wi(i) + V2{-i)v2{-i) - U3(-1)U3(-1) = -4. 

Now let p = ^1, , therefore p‘^ = ^1, ■, — 7 ~^, —j- 

Evaluating ©i at (p,p'^) gives 


0i(p,/) = -'yo(l)t'o(l)+©(-(/57) 2 )ui(-(/37) 2)+U2(7 2)u2(-7 ") 
_ 1 1 1 


(A. 1 . 1 ) 


If (A.1.1) were equal to zero then it could be rearranged to the form (1 —/ 5)(7 +1) = 0. 
Both solutions correspond to choices of parameters that do not satisfy (4.0.2), which 
is not permitted. 

Now let p = ^l,i 7 “ 5 , (a 7 )“ 5 ,iQ;“ij, thus p'^ = (^1,—i'y~T {a'y)~T. One 


has 


0i(p,P'^) = - no(l)uo(l) + ui(i7 2)ui(-i7 2)+U2((a7) 2)t;2((a7) 2 ) 

— V3{ia~^)v3{—ia~^) 

. 1 1 1 

— — 1 H-1-. 

7 0:7 q; 


(A.1.2) 


As for the previous orbit, if (A. 1 . 2 ) were equal to zero then it could be rearranged to 
the form (q; + 1)(1 — 7 ) = 0. Again, both solutions correspond to choices of parameters 
that we have excluded. 

Finally, let p = ^1,i(Q;/9)“5 j, thus p'^ = (^1, —/3~T ■ 

Once again 


0i(p,P'^) = -^'o(l)^'o(l)+o(/5 hM-P h+V2{ia 2)v2i-ia 2) 

- V3(i(a/3)~^)v3(i(al3)~^) 

111 
/9 a (U/S 


(A.1.3) 


If (A.1.3) were equal to zero then it could be rearranged to the form (1 —q;)(/ 9 + 1) = 0, 
both of whose solutions lead to forbidden parameter triples. 
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A.2 Calculations for Chapter 6 


A.2.1 Relations in §6.3 

The relations of R{a,/3, that are not preserved under twisting are calculated as 
follows: 


0 = XiXs — ax3X4 = 


X4 X3 Xs *1, X4 

- - -a- - - 

fi' 2 ) h(fi' 2 , fi'lfi' 2 ) 


0 = X 4 X 2 — XX 2 X 4 


X4 ^2 _ X2 *f, X4 

M(9i92,gi) M(gi,gig2) 


-(X 4 X3 + aX3 *f,X 4 ). 
X4 *11 X2 + Xx2 *fi X4. 


0 = X 3 X 2 — 11 x 2 X 3 — (a/9 — A)a;ia;4 

_ X3 X2 ^X2*fiX3 Xi X4 

~/u(g2,gi) ^M(gi,g2) ^M(e,gig2) 

= X3 X2 + 13x2 2:3 - {a (3 - A)a;i X4. 


A.2.2 Calculations for §6.4 


The relations of 4(/i, Mi,..., Mn)^x g^j-e computed as follows: 

„ . X 4 *rXi . Xi *r X4 

0 = a;4a;i — *a;ia;4 = —-- — t— -- = X 4 Xi + txi X 4 . 


0 = xi 


xi = 


r{g2,gi) r{gi,g2) 

X3 *T X3 Xi Xi 


^ x(gi,gi) T(gi,gi) 


= X3 X3-X1 Xi- 


2 ^3 *T Xi Xi *r X3 X2 *T X2 

0 = X3X1 - X1X3 + X2 = -r-7-r + -r 

x[gi,gi) T[gi,gi) T{g 2 ,g 2 ) 

= X3 Xi - Xi X3 + X2 *r X2. 

^ . X 3 *rX 2 . X2 *r X3 

0 = X3X2 - 1X2X3 = — -^ - I— -^ = -X3 X2 - 1 X 2 *r X3. 


x{gi,g2) T{g2,gi) 


0 = 


Xr, = 


X4 *r X4 X2 *T X2 


T{g2,g2) r{g2,g2) 

0 = X 4 X 2 — X 2 X 4 + 'jxl = 


= X4 *r X4 — X2 *T X2- 


2 X4 *r X2 X2 *T X4 , Xl *r Xl 


+ 7 - 


T{g2,g2) r{g2,g2) 

= X4 *r X2 — X2 *T X4 + 7X1 *1- Xl- 


(A.2.1) 


We now show that S/{qi,q 2 ,q 3 ,q 4 ) is hnite-dimensional. As noted in §6.4, it suf- 
hces to show that sufficiently high powers of the generators vanish. The following 
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calculations verify this: 

4 = - -fZ2Z4)zl = -ZiZ^zl = (Z2 + Z4)Z3Z^ = 0, 

4 = ^2(-Z4 - 2 : 12 : 3 ) 2:2 = - 2 : 22 : 42:2 = 7~^(2:i + zl)z4,zl = 0 , 

(A. 2 . 2 ) 

4 = ^ 3(-4 - 72:22:4)2:3 = -2:32:12:1 = 2:32:1(2:2 + 2:4)2:3 = 0, 
z ! = Z 4 (- Z 2 - 2:12:3)2:4 = -2:42:22:4 = 7"^^4^2(2 :i + 2:|)2:4 = 0 . 

Our final calculation in this section shows that the quadric system given in (6.4.4) 
is still normalising for the multiplicatively skew-symmetric matrix in (6.4.13). Note 
that gi and q2 are monomials and therefore are clearly normal in S, therefore we only 
need to check that and q^ are normal. At first we only have the partial information 
given in (6.4.11), from which we will deduce the remaining entries. 

2:1^3 = 4 + Dzl + 72:12:22:4 = (2:1 -h 4 i 4 + 7^21/^4172:22:4)2:1 

(A.2.3) 

= ( 2:1 + 2:3 - 7121 ^ 72 : 22 : 4 ) 2 : 1 . 

This suggests that we must take /421 = i = — 7^12 so that 2 : 1^3 = ^ 32 : 1 . Continuing in 
the same manner we have 

Z 2 q 3 = Z 2 zl + 2:22:3 -7 7 ^ 2^4 = (71422:1 -7 1^24 + 7^4272:22:4)2:2 = -q 3 Z 2 , 

Z 3 Q 3 = ^ 3^1 + ^3 + 7^3^2^4 = ( 7 ^ 13^1 + ^3 + 7 ^ 23 /^ 437 ^ 2 ^ 4)^3 (A.2.4) 

= (2:4 + 2:3 - *714372:22:4)2:3. 

This suggests that we must take /i 43 = i = —7434 so that 2 : 3^3 = ^ 32 : 3 , completing the 
skew-symmetric matrix /*'. The hnal calculation for ^3 is 

Z4q3 = 2:42:4 -7 Z4zl + ' yZ4Z2Z4 = + 7 ''L 2^3 + L2A1Z2Z4 ) z 4 = -^32:4. 

Checking that q4 is normal is now straightforward: 

Ziq 4 = ^12:2 -|- 2:42:4 -|- ^4^3 = ( 7 i 2 i ^2 + p\i 4 + 7^312:12:3)^1 = —q 4 Zi, 

Z 2 q 4 = 2:2 + 2:22:4 -f 2:22:42:3 = (2:2 -7 71422:4 -7 ^^ l 2 L ^ 2 ZlZ 3 ) z 2 = q 4 Z 2 , 

ZsQa = 2:32:2 + 2:32:4 -f 2:32:42:3 = (7123^:2 + 7^43^4 + L 13 ZiZ 3 ) z 3 = -^ 4 ^ 3 , 

Z 4 q 4 = 2:42:2 + 2:| -f ; 24 : 2 i 2:3 = (/*L^2 + 4 + LiaL 3 AZiZ 3 )z 4 = q 4 Z 4 , 

A.2.3 Relations in §6.5 

The relations of 7/( 512 )*^’^ are computed below. 

E F F E 

0 = EF-FE + 2H = ——^---^^-- + 2H = -E F - F E + 2H. 

p{ 9 i, 9 i 92 ) l{ 9 i 92 , 9 i) " " 


(A.2.5) 


(A.2.6) 
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H *n E E *n H 

0 = HE-EH-2F= , ^ , - , ^ , - 2F = H E + E H - 2F. 

P{92:9i) L{91:92) 

0 = HF - FH-2E = , - . -2E = H *.F + F*.H -2E. 

L{92,9i92) l{9i92,92) 



Appendix B 


Computer code 


In this appendix we give the computer code used in several proofs earlier in the thesis. 
The two programs that we used in relation to the work in this thesis are Macaulay2 
and Affine, a brief description of which follow. 

Macaulay2 is a commutative algebra/algebraic geometry program that we use to 
prove results regarding the point and line schemes of some cocycle twists. More infor¬ 
mation on this software can be obtained from [24] or [19]. 

Affine is a package for the computer algebra system Maxima [39]. It can be used 
to perform Groebner basis-like computations with noncommutative algebras. More 
specihcally, Affine implements the diamond lemma, an important result that originated 
in graph theory. It was first studied in the context of noncommutative algebras in [14]. 
We utilised Affine to study the behaviour of several examples of cocycle twists. 

B.l Code for §4.1 

The following Macaulay2 code is needed in Proposition 4.2.1 to calculate the dimension 
of the line scheme of A(q;,/9, 7 )*^’^. 

Code B.1.1. 

F = QQ[a,b, c]/(a + b + c + a*b*c); 
k = fracF; 

S = k[tl, t2, t3, t4, t5, t6]; 

I = niinors(3, matrix{{0, tl -|- t2, t3 -|- t4, t5 -|- t6}. 
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{t2 — tl, 0, c * t5 + t6, b * t3 — t4}, {t4 — t3, t6 — c * t5, 0, —a * tl — t2}, 

{t6 — t5, —b * t3 — t4, a * tl — t2, 0}}); 

R = S/I; 
codim I 
Output ; 4 

B.2 Code for §6.1 

The following two pieces of Macaulay2 code are used in the proof of Proposition 6.1.19. 
The first piece of code is used to determine the intersection of the scheme r 2 associated 
to a, /9, 7 ) with the affine subscheme of x P| in which uqi, Vq 2 7 ^ 0. 

Code B.2.1. 

F = QQ[a, b, c]/(a + b + c + a * b * c); 

k = fracF; 

S = k[vll, vl2, v21, v22, v31, v32]; 

I = ideal(vl2 — vll — a * v21 * v32 + a * v31 * v22, 
vll + vl2 — v21 * v32 — v31 * v22, 

v22 — v21 + b * vll * v32 — b * v31 * vl2, v22 + v21 — vll * v32 

—v31 * vl2, —1 + vll * vl2 + v21 * v22 — v31 * v32, 

vll * vl2 + ((1 + a)/(l - b)) * v21 * v22 - ((1 - a)/(l + c)) * v31 * v32); 

R = S/I; 
basis R 

Output ; 16 — dimensional basis 

The second piece of code shows that there are no points lying in the intersection of 
r 2 with the locus where Vq 2 = 0 and the remaining coordinates are non-zero. We can 
therefore assume that Uqi = 1 and Vuv 12 V 21 V 22 ^ 2 , 1 ^ 2,2 = 1 by rescaling the two copies 
of P|. 

Code B.2.2. 


F = QQ[a, b, c]/(a + b + c + a * b * c); 
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k = fracF; 

S = k[vll, vl2, v21, v22, v31, v32]; 

I = ideal(vl2 — a * v21 * v32 + a * v31 * v22, vl2 — v21 * v32 — v31 * v22, 
v21 + b * vll * v32 — b * v31 * vl2, v22 — vll * v32 — v31 * vl2, 
vll * vl2 + v21 * v22 — v31 * v32, vll * vl2 * v21 * v22 * v31 * v32 — 1, 
vll * vl2 + ((1 + a)/(l - b)) * v21 * v22 - ((1 - a)/(l + c)) * v31 * v32); 

R = S/I; 
dim R 

Output ; —infinity 

Finally, we give the Macaulay2 code used in the proof of Proposition 6.1.27, which 
is used to calculate the dimension of the line scheme of 

Code B.2.3. 

F = QQ[a, b, c]/(a + b + c + a * b * c); 

k = fracF; 

S = k[tl, t2, t3, t4, t5, t6]; 

I = minors(3, matrix{{—15, tl + t2, t3 + t4, 0}, 

{t2 — tl, t5 + t6, 0, b * t3 — t4}, 

{t4 — t3, 0, t5 + t6 * ((1 + a)/(l — b)), —a * tl — t2}, 

{0, —b * t3 — t4, a * tl — t2, —15 — t6 * ((1 — a)/(l + c))}}); 
codim I 


Output ; 4 



Appendix C 


Properties preserved under twisting 


In this appendix we give a table snmmarising the properties that we show are pre¬ 
served under cocycle twisting in §3.2. The table includes a reference for each result 
and any relevant hypotheses. 


Property 

Reference 

Hypotheses 

Hilbert series 

Lemma 3.2.4 

Hyp. 3.1.2 

Strongly noetherian 

Gorollary 3.2.12 

Hyp. 3.1.1 

GK dimension 

Proposition 3.2.16 

Global dimension 

Proposition 3.2.18 

AS-Gorenstein 

Proposition 3.2.24 

Hyp. 3.1.2 

AS-regular 

Gorollary 3.2.28 

Hyp. 3.1.2, c.g. algebra 

Koszul 

Proposition 3.2.31 

Hyp. 3.1.2, quadratic algebra 

Gohen-Macaulay 

Auslander- Gorenstein 

Auslander regular 

Proposition 3.2.42 

Hyp. 3.1.2, noetherian algebra 
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